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Introduction 


This text, together with the first two sections of Part II, will cover most of the 
mathematical ideas and methods needed in this course for studying curves and sur- 
faces in three dimensions. Because of the concentration of methods here, unrelieved 
by any applications, you may find the work rather indigestible at first reading. We 
hope that a full appreciation of the significance of the ideas will develop as you 
apply them to curves and surfaces. This introduction is intended to give you some 
signposts to follow. 


The Introduction in O’Neill is brief, but important, as it introduces several of the 
notational conventions used in the course. It also gives a brief reminder of some 
ideas about functions from R to R. 


It might be as well to say here that in the course as a whole the word ‘function’, 
when used without further qualification, should be taken to mean a function from 
Eĉ? to R. That is, saying ‘f is a function’ indicates that 


f:E° — R. 


Before we can hope to describe curves and surfaces, we need a precise description 
of the ‘three-dimensional space’ where they will be located. You have already met 
the vector space R? as a mathematical version of the space in which we live—often 
referred to as (three-dimensional) Euclidean space. In Section 1, O’Neill refers to 
this space as E?. This change of name is not perversity: as will emerge, E? is 
actually rather more than R3. 


As mentioned in Part 0, in the historical note, we shall be using sets of axes (Dar- 
boux’ ‘moving frames’) attached to each point of the object (curve or surface) that 
we are studying. Actually, rather than axes, we shall place a set of basis vectors 
at each point. In order to formalize the notion of ‘vector placed at a point’ the 
concept of tangent vector is introduced in Section 2. Once we have the idea of a 
vector placed at a particular point, we shall generalize to placing vectors at each 
point of E? according to some rule. This gives rise to the notion of vector field. 


Note: As in so much of mathematics, you have to be careful not to read too much 
into everyday words which are used in a new context. The ‘tangent’ in ‘tangent 
vector’ is a generalization of the usual meaning and does not necessarily imply that 
the vector is a tangent to a curve or surface in the usual sense of the word. In fact, 
when dealing with curves we shall have some tangent vectors which are tangents to 
the curve and some which are not. The new use of ‘tangent’ will seem strange at 
first, but you will become used to it with practice. 


The key feature of the ‘moving frames’ approach is the study of the rates of change 
of the basis vectors as we move around the object. being studied. Thus, to make 
any progress, we shall need careful definitions of what we mean by rates of change, 
or derivatives, of vectors. We do not attempt to deal with vectors immediately; we 
start with rates of change of functions. Here we run into the first new idea. The 
problem is that, in E%, there are infinitely many ways to set off from a particular 
point. The rate of change of a function may well depend not only on where you are 
but also in which direction you set off. Actually, we introduce a further feature: 
we also permit the rate of change to depend on how fast you set off, as well as 
in which direction. This is not actually a complication as it permits us to specify 
the direction and speed of setting off by a vector. The direction is specified by 
the direction of the vector, and the speed by the size of the vector. Taking all 
these factors into account leads to the concept of a directional derivative. Section 3 
defines directional derivatives and proves that they have the linearity and Leibniz 
(product rule) properties that all our derivatives will have. 


Section 4 introduces a formal definition of what is meant in the course by a curve. 
The definition is not quite what you might have expected; curves turn out to be 
functions rather than distorted lines in space. 


In Section 5 we return to the theme of directional derivatives of functions. As we 
indicated above, the derivative of a function can be expected to depend on where we 


4 


These are the ‘based vectors’ 
of MST204. 


are (specified by three coordinates) and the vector specifying direction and speed 
of departure from that point (another three coordinates). Thus the directional 
derivative will be a function of these six quantities. To give a compact notation for 
such things, we introduce J-forms. 


Having introduced 1-forms, Section 6 explores some algebra using 1-forms. Addition 
and subtraction turn out to be straightforward; multiplication and differentiation 
are more involved. The ideas from this section will not be applied to anything for 
some time, so you may well want to skim this section now and come back to it 
again later. 


We are still, at this stage, some way short of the goal of definitions of derivatives 
of sets of basis vectors. Section 7 makes a step forward by introducing functions 


E” — E”, 
where n and m are usually 2 or 3. We refer to these as mappings. You will become 


familiar with these new objects as you work through the course. Having introduced 
mappings, we then investigate how they can be combined and differentiated. 


Finally, Section 8 provides a very brief summary of this part. 


Study advice 


One possible breakdown into study weeks is the following. 

Week 1 O’Neill, Chapter I, Introduction and Sections 1, 2tand.3. 
Week 2 O’Neill, Chapter I, Sections 4 and 5. 

Week 3 O’Neill, Chapter I, Sections 6, 7 and 8. 


This plan leaves one study week for the first two sections of Part II and the asso- 
ciated Tutor-marked Assignment. The suggestion above is exactly that—a sugges- 
tion. After working through the first couple of sections you will have a better idea 
of how fast you can study O’Neill. Please allow for the fact that the work becomes 
less closely connected with previous experience as you go on, and that your progress 
may become slower as a result, 


Do not be tempted to skip exercises. Although there is much powerful theory 
developed in the course, we expect you to be able to apply the theory to specific 
examples, and regular practice will help you. We expect that a significant part of 
your study time will be taken up by the exercises. 


The exercises for a particular section may be taken from O'Neill, given in this text 
or both. Solutions for all exercises, regardless of origin, appear at the end of this 
text. Even if you feel that your solution is completely correct, please read ours; 
there may well be additional points made in the course of the solution. 


Exercises from O’Neill are given by page and number. 


1-forms will be used in 
Sections 5-8 of Part II. 


1 Euclidean space 


Read O'Neill: Introduction and Chapter |, Section 1, pages 1-5. 


Euclidean 3-space You may well have seen this denoted by R? rather than Eĉ. 


Natural coordinate functions This use of z, y and z to represent functions may 
well be new to you. However, the function view does correspond to how these 
symbols are used in elementary mathematics. For example, 


‘the value of z at the point (2,3) is 2’ 


should correspond to the sort of usage of z that is familiar. This phrase is effectively 
explaining what the value of the function æ is at a point in its domain. All that 
O’Neill has done is to formalize this. 


Differentiable In differential geometry we shall want our functions to behave 
‘smoothly’. If you consider a function f from R to R, it will have a graph without 
‘sharp points’ if we require that its derivative f’ exists everywhere. The existence 
of f’ on the domain of f ensures that the graph has a tangent everywhere. If we 
also require f’ to be continuous, we shall ensure that the tangent to the graph 
cannot make any sudden changes of direction. Going further, requiring f to have 
derivatives of all possible orders should ensure that the graph of f is ‘smooth’. The 
definition on page 4 generalizes this idea to E°. 


The comments on the definition (page 5) simply point out that we really need 
to worry about f and its derivatives only on the region of E in which we are 
interested. 


The final comment: that some of the concepts are ‘over-elaborate’ in one dimension 
is quite important. Actually, the differences between a number of the concepts 
apparently vanish in the one-dimensional case. Thus, in some cases, generalizing 
a familiar idea about functions from R to R requires not one but several new 
definitions. 


Exercise 1.1 O'Neill, page 5, Exercise 1. 
Exercise 1.2 O’Neill, page 5, Exercise 2. 
Exercise 1.3 O’Neill, page 6, Exercise 3. 


Exercise 1.4 O’Neill, page 6, Exercise 4. Note that this exercise defines the com- 
posite of a function 
h:E? —R 
with three functions 
91,92,93 : E? — R. 
[Solutions on page 27] 
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The region will always be an 
open subset of E. 


2 Tangent vectors 


Read ovneit: Chapter I, Section 2, pages 6-10. 


is 


Tangent vector The reason for the apparently curious choice of name for this 
concept will emerge when we study surfaces, where most of the tangent vectors 
will also be tangents (in the intuitive sense) to surfaces. For now, it is important 
to realize that a tangent vector may not be (geometrically) a tangent to anything 
obvious. The important thing is to visualize Vp as a vector parallel to v, but with 
its blunt end at the point p rather than at the origin. 


We shall be studying geometric objects from the point of view of someone living on 
the object, with a personal set of axes. The concept of a tangent vector is exactly 
what we shall need to define axes at a particular point. 


We shall make another use of tangent vectors. A tangent vector Vp defines a line 
through p pointing in the direction of v by the equation 


r=p+tv, tER. 


r=p+tv 


Tangent space This definition formalizes the idea of taking an egocentric view 
of the world! One way of looking at it is to consider the ‘global’ coordinate system 
as being imposed by an outsider. Then, if you are located at p, 


Tp(E*) 
represents your personal copy of E?, with its ‘origin’ at p. 


Vector field This concept will be used to formalize the idea of carrying a set of 
axes around. Instead of actually moving, say, the z-axis around, we assume that 
each point p in space has been provided with the unit vector (1,0,0)p to indicate 
the direction of the (local) z-axis. The function 


Ui: p — (1,0, 0)p, 


which provides the unit vector at each point, is an example of a vector field. Note 
the difference between U;, which is a function, and U, (p), which is a particular 
tangent vector at a particular point. 


Pointwise principle This principle is nothing more than the fact that to define 
a function you must specify its value at each point in the domain. 


Natural frame field This set of vector fields essentially provides each point in 
E’? with a copy of the standard basis. Lemma 2.5 says that, because a tangent 
vector at any point can be expressed in terms of (1,0,0), (0,1,0) and (0,0,1) at 
that point, a corresponding statement is true of a vector field. 


We shall discuss frame fields in general in Part IT; for now, the only frame field that 
we shall use is the natural frame field. It is worth emphasizing that ‘the natural 
frame field’ means the three vector fields U,,U2 and U3. 


If you think about how actually to specify a vector field, Lemma 2.5 becomes 
natural, not to say inevitable. Specifying a vector field involves explaining which 
tangent vector should be attached to the point 


P = (P1, P2, Ps), 
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whatever the coordinates of p happen to be. Thus we would have to explain how 
to calculate the components of v from the coordinates of p. That is, we have to 
specify the functions that O’Neill calls vı, v2 and v3. 


The identity 
V = vU + v2U2 + v3U3 


explains the importance of the natural frame field: it forms a basis for vector fields 
3 
on E”. 


If you regard a vector field V as a way of persuading E? to grow a (straight) hair 
at each point, then requiring V to be differentiable is to demand that the direction 
and size of the hairs varies smoothly as you move from point to point of E. 


Finally, a comment on R® versus E. We would regard R as a three-dimensional, 
real vector space and E? as that vector space, together with all its tangent vectors. 


Exercise 2.1 O'Neill, page 10, Exercise 1 (part (a) only). 
Exercise 2.2 O’Neill, page 10, Exercise 2. 


Exercise 2.3 O’Neill, page 10, Exercise 3. Your answers should be expressed in 
terms of z, y, z, U1, U2 and U3. 


Exercise 2.4 O’Neill, page 11, Exercise 5. 


Note: This exercise shows that the natural frame field is not the only possible 
basis for vector fields on E. The phrase Euclidean coordinate functions was used 
earlier for the v; to indicate that they were the coordinate functions corresponding 
to using the natural frame field as a basis. 


[Solutions on page 27] 


3 Directional derivatives 


Read O'Neill: Chapter |, Section 3, pages 11-14. 


This section marks the start of the process of defining rates of change of objects 
(functions, tangent vectors etc.) as we move around in B®. 


Directional derivatives There is a fundamental problem that arises in general- 
izing the idea of derivative from one dimension to several (here three) dimensions. 
When we want to find the rate of change of a function 


f:R—R 
at a point a € R, we look at the values of f at points ‘near’ a. A point in R. near 


a can be written a + h, where h is either positive or negative. The derivative of f 
at a is found by calculating the limit of 


f(a +h) — f(a) 
h 


as h tends to zero (provided that the limit exists). 
Suppose now that we want the ‘derivative’ of a function 
f:E—R. 


A point ‘near’ p will be of the form p + v, where v is a vector. The number h in the 
one-dimensional case has been replaced by the vector v. Since division by vectors 
is not defined, we cannot simply translate the limit definition above into the new 
situation. 
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We have to accept that the rate of change of f will depend not only on where we 
are (the point p), but also on the direction in which we move away from p. Having 
accepted this change from the one-dimensional case, we make a further change: we 
allow the rate of change of f to depend on how ‘fast? we set off from p, as well as 
on the direction. 


Now, the direction and speed with which we set off from p can conveniently be 
defined by giving a tangent vector Vp based at p, since p and v define a straight 
line 


teR, 


where ¢ = 0 corresponds to the point p. 


r=p+ty, 


We can now define a composite function from R. to R, by calculating values of f 
along this line: 


tr>+ptive- f(p +tv). 


This composite is just a function on R, and so can be differentiated with respect 
to t in the usual way. The value of this (ordinary) derivative at t = 0 is defined to 
be the derivative of f with respect to the tangent vector vp. The formal statement 
of the above discussion is Definition 3.1. 


Note: If you prefer to denote differentiation by dashes, you may prefer the fol- 
lowing form of the definition: 


vplf] = (F(p + tv))' (0). 


There is a strong link between the newly defined directional derivative and the 
partial derivatives that were discussed in Part 0. 


Suppose that we look at the tangent vector 
Vp = (1,0,0)p. 
The definition of vp[f] now gives 
vel Fl = (FP + tv))'(0) 
= (f(p + t(1, 0, 0)))'(0) 
= (f(pı + t, p2, ps))'(0). 


In the last line above, only the first coordinate, p +t, is varying; the other two are 
constant. In other words, the last line is 


8f 
Ox 
evaluated at t = 0, in other words at p. 
Hence, 
Of 
(1,0, 0)p{A1 = S(p). 
Similarly, 
= 28 
(0, 1, 0)p[f] = Oy P), 
_ of 
(0,0, Dols] = Ép). 


Thus, the values of the partial derivatives at a point are the directional derivatives 
with respect to 


(1,0, 0)p, 


This link may well be what is meant by the comment in the paragraph immediately 
following the definition on page 11 of O’Neill. 


(0,1,0)p and (0,0,1)p. 


The dash represents 
differentiation with respect 
to t. 


The worked example following the definition shows how to calculate directional 
derivatives from first principles. However, Lemma 3.2 provides an alternative 
method which is of considerable importance. 


The proof of Lemma 3.2 uses a generalized form of the chain rule (composite rule) 
for differentiating composite functions. You have met the rule for functions from 
R to R, probably in the form M101 and M203 


(Fog) = f'(g) xg’. 
Here, we have a composite 

t — (pı + tvi, p2 + tv2, pa + tv3) — f(p + tv). 
If we define 

gi(t) = pı + tv, 

go(t) = po + tv2, 

g3(t) = ps + tus, 


then we are trying to differentiate the composite 


F(91592, 93): 
The version of the chain rule that applies in this case is We shall make quite heavy 
f this result. You should 
af of af use of ; 
BL oot 1 1 te it, and note also its 
t E 2 ag oe note it, e al 
(Flan 92 9s)) Ox l dy 92 Oz I3 similarity to the ‘single 


It is this result that is applied to prove Lemma 3.2. varablencase: 


Once the definition of directional derivative and a practical method of calculation 
are established, O’Neill goes on to show that directional derivatives have the lin- 
earity and Leibnizian (product) properties that you should be familiar with from 
ordinary derivatives. You might like to compare parts 2 and 3 of Theorem 3.3 
(O'Neill, page 12) with 

(af + bg)! = af’ + by’, 

(f9) = f'9 + fa’, 

for functions f, g from R to Rand a,b E R. 
There is no result in ‘ordinary’ calculus corresponding to Theorem 3.3(1) because 


ordinary differentiation is always carried out in a standard direction and at standard 
(unit) speed. 


Note that the right-hand side of Theorem 3.3(3) is NOT 
vplflg + Í vplg].- 


To see why not, consider what sort of object This type of analysis will 
often help you to reconstruct 
Vp fg] such formulas from a general 


knowledge of the pattern for 


is. The directional derivative of a function with respect to a particular tangent the Leibniz: property. 


vector is a real number. However, 


vplflg + f vplg] 


is the sum of two terms, each of which is a function multiplied by a real number. 
Thus 


vplflg + f vplg] 


is a function, not a real number. On the other hand, evaluating the functions in 
each term at p gives 


vplf] 9(p) + f(P) volg), 


which is a real number. 
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The next step that O’Neill takes is similar (but not identical) to the process of 
going from the value of a derivative at a particular point to the idea of a derived 
function. Thus, in elementary calculus, after finding that the derivative of 


foe? 
at 2 is 4, at 3 is 6 and so on, we go on to define the derived function 
f= 22, 


which gives a rule for calculating the derivative everywhere. 


Our goal is to give an expression that will enable us to calculate the value of the 
directional derivative of a function with respect to any tangent vector at any point. 
In this section we go only part of the way towards this goal; the rest of the work is 
done in Section 5. 


Instead of considering the directional derivative of a function f with respect to 
a single tangent vector, we now consider the directional derivatives with respect 
to a whole collection of tangent vectors, one at each point of E’. The collection 
of tangent vectors is provided by a vector field V. If you inspect the paragraph 
beginning half-way down page 13 carefully, you will see that V[f] is defined as a 
composite function 


pr V(p) +> V(p)[f]. 
Since the domain of this composite is E? and the codomain is R, we have that: 
the derivative of a function with respect to a vector field is a function. 


The example that immediately follows the definition is extremely important. From 
remarks that we made earlier, 


(1,0, 0)pt41 = Ze. 


Since U;(p) = (1,0, 0)p, we have U,[f] defined as the composite 


ô 
P= Ui (p) — (1,0,0)al7] = Lee), 
Since the function defined by 
of 
P'— g, P) 


s, by definition, written 
of 
Oa’ 
we have the result 
Yi[f] = a 
and two similar results for U2[f] and Us[f]. 


These results give a sound basis for thinking of the partial derivatives of a function 
as being the derivatives in the x, y and z directions, 


Now that O’Neill has made the definition of V[f], the next step is to show that 
the newly defined derivative also has the linearity and Leibnizian properties. This 
is the content of Corollary 3.4. Note that, this time, the Leibniz property (Corol- 
lary 3.4(3)) is the exact analogue of 


(f9) = f'g + fo’. 
The results of Corollary 3.4 provide the basis for calculating directional derivatives 


with respect to vector fields. (Parts 1 and 2 are probably the most used.) The 
following worked example may help to illustrate the point. 


Since x is a function, this 
way of defining f is 
permissible. 
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Example Suppose that the function f :E* — R and the vector field V on E? 
are defined by: 


fare, V =2°U +422 + 2°03. 
Then 
VIF] = (2°U1 + zzUz + 2°U3)[xe"] 
= 2°U;[xe¥] + zzUz[ze”] + 23U3[ze"] (by Corollary 3.4 (1)) 


ð 3 ô 3 
2 y Yy 3 y aa 
F Ize ] bao Ate +r 3: ) (using Ui[f] = 3f/ðx etc.) 
= 2e” + rzre +z x0 
= ze (z +27). 


The example in O’Neill preceding Remark 3.5 uses exactly the same technique: 
application of linearity followed by 


of 

“lfl = 5, 
etc. Lt 
You should note the contents of Remark 3.5, but the course texts will tend to use 
the full form vp rather more than O’Neill does. In particular, we shall often retain 


the full form, vp, including the point of application p, whereas O’Neill tends to 
retain only the vector part. 


Exercise 3.1 O'Neill, page 14, Exercise 1. 
Exercise 3.2 O’Neill, page 15, Exercise 2. 


Exercise 3.3 The vector field V and function f are defined by 
V = 2U; — U2 + 3U3, f =e" cosy. 
Calculate V[f]. 
Exercise 3.4 O’Neill, page 15, Exercise 3. 
Exercise 3.5 Suppose that the vector field V has Euclidean coordinate functions 
v1, v2 and v3, so that 
V = wU, + v2U2 + v3U3. 
Find V[z;] for each coordinate function x;, and hence show that 
3 
V= DD V[aiUi. 
i=l 
Exercise 3.6 If V and W are two vector fields such that 
VIA = Wil 


for every real-valued function f on E®, show that V = W. (Hint: The result of the 
last exercise may be useful.) 


[Solutions on page 29 | 


4 Curves 


—_— sss 


Read ovneit!: Chapter |, Section 4, pages 15-21. 


This section formally defines curves, which is the first type of geometric object that 
you will study in detail in the course; the other being surfaces. 


Curve The definition of curve is, perhaps, not quite what you might have ex- 
pected. It is the function œ which is the curve; the object in E? that you probably 
visualize when thinking about a curve is referred to as the route of the curve. (The 
route is the image set of the function a.) 


The requirement for the domain of a curve to be an interval, together with requiring 
a curve to be differentiable, ensure that the route of a curve is connected (‘all in 
one piece’). 


Much of the language used to discuss curves is based on the idea of a moving point 
tracing out the route of the curve. The choice of ¢ in 


a:t ı— a(t) = (ar (t), a(t), a3(t)) 


suggests ‘time’ as the variable. We shall talk about ‘speed’ and ‘velocity’ in con- 
nection with curves. 


Example 4.2 Examples 4.2(1) and 4.2(2) in O'Neill are particularly important 
and will reappear from time to time. 


Example 4.2(2) The distance of a point in the zy-plane from the origin can be 
found by evaluating the function 


[x2 + y? 


at the point in question. Thus 


(Va? + y?)(acost, asint, 0) = V'a? cos? t +a?sin?t = a 
so all points on the route of the first curve are on a circle of radius a. 


Example 4.2(3) The justification for the description of the route of the curve given 
in O’Neill is contained in Exercise 1 below. 


Example 4.2(5) ‘Brute-force’ plotting of points is only rarely helpful for curves in 
E®, partly due to the difficulty of sketching points on such routes on two-dimensional 
paper. 


Velocity of curve This section of O’Neill introduces the concept of velocity and 
gives it a geometric interpretation. The geometric link might be a little clearer if 
the two diagrams on pages 17 and 18 were interchanged: the second is before the 
limit is taken, the first is after. 


It is important to note that the velocity vector 
(a4 (t), a(t), ag(t)) 


is attached to the point a(t) on the route; it is a tangent vector in the sense that 
we have recently defined. 


There is also a link with the idea of vector field. ‘The process of finding velocities 
at all the points on the route of a curve amounts to defining a vector field 


ah U1 + aU + 04Us, 


but only for points on the route of the curve. 
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The term ‘speed’ is mentioned in this section of O’Neill without explanation. The 
definition is straightforward: it is the magnitude of the velocity. Thus, at a(t), the 
speed is 


V4)? + (4 (0)? + (04(0)?. 


Since ||v|| is used in this course to denote the size (magnitude) of the vector v, this 
result can be written 


Speed = |||] = Vio? + (a(t)? + (ag())?. 


Reparametrization This is an important technical process, although you would 
be forgiven for not seeing why at this point in the course! 


To give an indication of its importance, we must refer back to the method that we 
said would be used to study curves: each point will be provided with a ‘local’ basis 
of unit vectors and the change in this basis from place to place will give information 
about the shape of the curve. 


The velocity vector provides a vector at each point on the route of the curve, but it 
is not necessarily of unit length. If we could arrange that the length of the velocity 
vector were 1 at each point (that is, the curve had unit speed everywhere), we should 
have a start for our basis of unit vectors. The later work on reparametrization will 
show that we can always arrange for the route of a curve to be traversed at unit 
speed. 


This section makes a start by showing what happens to the velocity when the 
parametrization is changed. Part IT, Section 2, will complete the process by showing 
how to change the parametrization to achieve unit speed. 


The key step in Lemma 4.5 involves three applications of the usual chain rule 
formula. If you inspect the result carefully, you will see that it can be written 


B=aoh => B=ad'(h)xh’, 
which is a direct analogue of the familiar form of the chain rule. 


Important: Lemma 4.6 is apparently there simply because we have invented a 
new sort of tangent vector—velocities of curves—and we can now use such tangent 
vectors to differentiate functions. In a sense this is so. However, Lemma 4.6 will 
be of vital importance when we come to study surfaces, so it is worth taking some 
time to appreciate exactly what it says. 


As O’Neill says on page 20, finding a/(t)[f] involves finding the rate of change of 
f along the straight line through a(t) in the direction of a/(t). The lemma shows 
that the rate of change of f along the tangent is the same as the rate of change 
along the curve itself. In one way this is not surprising: the curve and the tangent 
point in the same direction and the length of the tangent represents the speed of 
progress along the curve. 


Lemma 4.6 is of only theoretical interest at the moment. Later, however, we shall 
encounter functions which are defined only on a curve or surface and not on the 
whole of E®. In such cases we cannot use the definition to find directional derivatives 
because, given vp, the function in question may not be defined along the whole of 


the straight line p + tv. In such cases we use Lemma 4.6. If we can find a curve a, 
such that 


a(0)=p, a'(0)= vp, 
then, for a function f, we have 
vplf] = (F(e(#)))'(0). 


Paraphrasing the result of Lemma 4.6: in the definition of directional derivative, 


the straight line p + tv can be replaced by any curve œ through p with velocity Vp 
at p. 
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You may have used |v| in the 
past. 


Where, as here, it causes no 
confusion, we say ‘along the 
curve’ rather than insist on 
the more precise ‘along the 
route of the curve’. 


The final remarks in this section of O’Neill are not of great importance for this 
course and you need read them only cursorily. 


Exercise 4.1 Let a: (0,1/2) — E? be the curve described in Example 4.2(3) of 
O'Neill, that is, 

a(t) = (2 cos? t, sin 2t, 2sint), 0<t<7/2. 
(a) Find the velocity vector of a for arbitrary t and also for t = n/4. 


(b) Justify O’Neill’s statements about the curve by doing the following. 


(i) Show that a(t) has length 2 for all values of t. (This shows that the route 
of æ lies on the sphere of radius 2, centre the origin.) 


(ii) Show that a(t) is always 1 unit from the point (1,0,2sint). (This shows 
that the route of œ lies on the cylinder of radius 1 whose axis is the line 
z= 1,y=0.) 


(c) Find the coordinate functions of the curve 6 = a(h), where h is the function 
defined by 


h(s) =arcsins, 0<s5 <1. 
Exercise 4.2 O'Neill, page 21, Exercise 4. 
Exercise 4.3 O'Neill, page 21, Exercise 5. Note that the phrase ‘find a straight 
line ...’ means ‘write down the equation in the form a(t) =... for a suitable 
function a’, 


Exercise 4.4 O'Neill, page 21, Exercise 7. 


Exercise 4.5 O’Neill, page 22, Exercise 9. 
[Solutions on page 31] 


5 1-Forms 


r 
Read O'neil: Chapter |, Section 5, pages 22-25. 


Erratum O'Neill, page 25, final line before the exercises: 
for 2, (pa +1)v3 read .. (ps + 2)u3. 


Do not worry if you have not met the definition of differential given at the start of 
this section. 


1-forms In Section 3 we mentioned that this section would complete the task of 
giving a formula for calculating the directional derivative of a function at any point 
with respect to any tangent vector. 


Consider, for a moment, what such a formula would have to look like. Given a 
function f and a tangent vector Vp, the directional derivative would depend on the 
three components pı, pọ and P3 of p and on the three components V1, v2 and v3 
of v. 
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For example, let 


f=xyz and vp=(v1, v2, v3)(p1 »P2,P3)> 


then, working from Lemma3.2, 


voll = FEtp) a1 + tp) v2 + Lop) es 


= (yz)(p) vı + (@2)(p) v2 + (zy)(p) vs 
= P2p3vi + pipsv2 + pıp2vs. 
Thus, as expected, vp[f] is a ‘function of six variables’. 


What we are aiming at is a formula (which will be called df) which will produce 
the correct value of the directional derivative when Vp is correctly substituted. 


We already know how to produce the p; from a point p. We use the coordinate 
functions x, y and z. What we now need are functions to play a similar role in 
extracting the v; from a tangent vector. That is precisely what is done by 


dx, dy and dz. 


For the function defined above, we have 
df = (yz) dx + (xz) dy + (ay) dz. 


The concept of 1-form arises from the need to express directional derivatives con- 
cisely. However, they are not defined quite in the way that the need arises. 


Because (‘Theorem 3.3(1)) directional derivatives behave linearly with respect to the 
involvement of the tangent vector, the expression that we arrive at for a general 
directional derivative must involve the v; in a linear manner. Also, for a particular 
tangent vector, the value of the directional derivative is a real number. Thus, once 
we have defined it properly, df will have to be a function whose domain is the set of 
all possible tangent vectors, whose codomain is R and which is linear with respect 
to tangent vectors at each point. 


We have two properties of df: it is a function from tangent vectors to reals and, at 
any point p, it is linear. As is so often the case in mathematics, these two properties 
are extracted and made the definition of a new concept. Here the concept is that 
of a 1-form. The formal definition is given in Definition 5.1. 


Having given a definition of 1-forms (5.1) that does not mention directional deriva- 
tives, there is now the task of showing that 1-forms are the right concept for ex- 
pressing general ‘derivatives’. This is the point of Definition 5.2. 


We have been discussing a way of representing the function 
Vp +> vp[f] 

as a ‘formula’. Definition 5.2 makes a start by giving a name, df, to 
Vp +> vp]. 


A short argument is needed to show that df is a 1-form. (Actually, the definition 
of 1-form was carefully framed so as to make df a 1-form.) 


Example 5.3(1) Having introduced a new concept, some simple examples are in 
order. The simplest non-constant functions on E? are probably the coordinate 
functions. It is worth expanding the working in Example 5.3 a little. Since z is a 
function, we can calculate 


Ox 


Ox Ox 
vele] = 5P)” 4 By P+ gz P)” 
= lv + 0v + 003 


=U. 


Hence 


dz : vp — 4. 
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If you check the example 
above, you will see that this 
is the case. 


Even though df is not 
properly defined yet! 


The argument is in the 
paragraph immediately after 
the definition. 


Similarly, 
dy: Vp > vo, 
dz : Vp — 03. 


Thus, dx, dy and dz behave with respect to tangent vectors in exactly the same 
way as z, y and z behave with respect to points. 


You may wonder, with justification, what this use of dz has to do with its use in 
expressions such as 


[ae 


The expression after the integral sign is a 1-form (it is df, where f = 23/3). If 
finding directional derivatives of functions yields 1-forms, it is reasonable to think 
that integration might produce functions from 1-forms. Not only is this reasonable 
but, under suitable conditions, it is also true. Unfortunately, we do not have room 
to consider integration of 1-forms in this course, although O’Neill does mention the 
topic briefly in several places. 


Example 5.3(2) A new idea is inserted here without explicit mention. So far, 
1-forms act on tangent vectors (and produce real numbers), but we can form com- 
posites of 1-forms with vector fields. The case which is used in this example involves 
dx, etc. with the natural frame field Uj, etc. 


When we write dxz(U,), we mean the composite function 
p+— Ui (p) +> dx(Ui(p)). 


Since U;(p) = (1,0,0)p and dx extracts the first component of a tangent vector, 
we have 


du(U,(p)) = 1. 
Similar calculations show that 


dz(Ui(p))=1, dx(Ue(p)) =0, dx(Us(p)) = 0, 
dy(Ui(p)) =0, dy(U2(p)) =1, dy(Us(p)) = 0, 
dz(Ui(p)) =0, dz(U2(p)) =0, d2(Us(p)) = 1. 


These nine results can be summed up in ‘functional’ form as 
dx;(U;) = 6;;. 
The Kronecker delta, ;;, is a standard symbol and will be used a number of times 
in this course. 
If we use the linearity properties of 1-forms and the results summarized as 
dxi(Uj) = ôij, 


then evaluating 1-forms on vector fields becomes quite routine. 


Example Suppose that the vector field V and the 1-form ¢ are defined by 
V=27U,- 2U2+yU3 and d=ydzr+2zdy—zdz. 
Then 
(V) = (ydz + z dy — zdz)(?U, — zU3 + yU3) 
= ydx(27U, — zUz + yU3) + z dy(x?U, — zU2 + yU3) 
— zdz(a?U, — zU + yU3) (linearity) 
= y(x?) dz(U1) + y(—z) dæ(U2) + y(y) dz(U3) + x(x?) dy(U1) 
+ 2(—2) dy(U2) + z(y) dy(Us) — z(2?) d2(U1) — z(-2) d2(U2) 
— z(y)dz(U3) (linearity) 
= (2°y+0+0)+(0—22+0)4+(0+0- zy) (using dz;(U;) = 6;;) 
= 27y — ez — yz. E 


The definition of 6;; is 6;; = 1 


ifi=j and 6 =0ifi Ż j. 


Having found that dz, dy and dz provide examples of 1-forms, O’Neill goes on to 
show that these three are all the 1-forms that you need (at least for E’). Lemma 5.4 
shows that any 1-form can be expressed in terms of these ‘basic’ 1-forms. 


Warning: Although differentials of functions provided the motivation for intro- 
ducing 1-forms and will also provide many of the examples of 1-forms, it is quite 
easy to write down a 1-form which is not the differential of a function on E. For 
example, the 1-form 


dz + z dy + z? dz 


cannot be df for any f. To see why not, spend a few minutes trying to find f such 
that 


of of Of _ ə 
ia a a g 
Calculating differentials The remark after Lemma 5.7 is useful. Using 
of of Of 
df= —d 2 a 
PS Gee ay ay 


is not usually the quickest way of finding df, as the example illustrates. 


Also illustrated by the example is the fact that, now differentials are available, it is 
easier to find a directional derivative 


vplf] 
by finding df and then using 


vplf] = df(vp). 
Exercise 5.1 O'Neill, page 25, Exercise 1. 
Exercise 5.2 O'Neill, page 25, Exercise 3. 
Exercise 5.3 O'Neill, page 26, Exercise 4. 
Exercise 5.4 O’Neill, page 26, Exercise 5 (first part only). 


Exercise 5.5 O'Neill, page 26, Exercise 7. 
[Solutions on page 32] 


6 Differential forms 


Read ovneil': Chapter |, Section 6, pages 26-31. 
—_Ř—ŘŘ— 


Errata 
1 O'Neill, page 31, Exercise 6, last line: 
for ...r,¢,z... read ...r,0,z.... 
2 O'Neill, page 29, line 8: 
for dọ = d(zy)dz +d(z°)dz. read dé= d(xy) A dz + d(x?) A dz. 


O’Neill is following his convention of omitting the wedge when one term is dz, dy 
or dz. 


3 O'Neill, page 29, 4 lines from the bottom: 
for dp read dọ. E 


This section of O’Neill contains no difficult computational ideas. The problem is, 
rather, why introduce 2-forms and 3-forms at all? Little use is made of 3-forms in 
the course, but 2-forms appear in the work on surfaces. 


2-forms Although it is not required for the exercises on this section, it seems 
reasonable to give some hints about what 2-forms are, in the same way as we have 
defined 1-forms to be real-valued functions on tangent vectors. 


If you have retained a feeling, in spite of the last section, that dz has something 
to do with a ‘small increment’ in the z-direction, then you might suspect that the 
2-form da dy might have something to do with a ‘small area’. It is certainly the case 
that some of the 2-forms that we shall meet are connected with areas, although not 
all of them are. 


Just as 1-forms operated on tangent vectors, 2-forms act on pairs of tangent vectors 
based at the same point. The details will emerge later in the course; for now we 
just give an example. The 2-form dz dy acts on the pair of tangent vectors (Vp, Wp) 
at p as follows: 


(dz dy)(vp, Wp) = dz(vp) dy(wp) — de(wp) dy(vp). 
If we evaluate the terms, we obtain 
(dx dy)(vp, Wp) = viw — wv. 
The other ‘basic’ 2-forms dx dz and dy dz behave in a similar way. 


The important thing at this stage is to be able to do calculations with differential 
forms. A more complete understanding of their meaning should emerge when we 
begin to use them later on. 


Exterior derivative You might find it helpful to paraphrase Definition 6.3 as: ‘to 
differentiate a 1-form, apply d to the coefficient functions’. 


It is clearly possible to extend Definition 6.3 to 2-forms as follows. 


Exterior derivative of 2-forms 
If 7 is the 2-form 

n= fı dz dy + fodydz + fz dz dz, 
then the exterior derivative of 7 is the 3-form 


dn = df; A dz dy + df A dy dz + df A dz dz. 


Theorem 6.4 By now, the pattern used by O’Neill should be becoming familiar. 
Having defined a new form of differentiation (the exterior derivative), there follows 
a proof that the derivative obeys the linear and Leibniz rules that help in doing 
calculations. The point worthy of special note here is the form of Theorem 6.4(3) 
with its minus sign. 


Optional Comment: If you have met the concepts of ‘div’, ‘grad’ and ‘curl’, 
you may be interested in page 31, Exercise 8, which explains the link between 
differential forms and these ideas. 


For our purposes forms provide a very concise way of representing some of the ideas 
of differential geometry and we shall not use any of the other possible approaches 
from vector calculus. 

Exercise 6.1 O'Neill, page 31, Exercise 1. 

Exercise 6.2 O'Neill, page 31, Exercise 2. 

Exercise 6.3 O'Neill, page 31, Exercise 3. 


Exercise 6.4 O'Neill, page 31, Exercise 4. 


Another, classical, approach 
uses tensors. We shall avoid 


them as well! 
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Exercise 6.5 O'Neill, page 31, Exercise 7. (Hint: Use the fact that any 1-form ¢ 
can be written as 


3 
X fide; 
i=1 
for suitable functions fi.) 


Exercise 6.6 O’Neill, page 32, Exercise 9. 
[Solutions on page 33] 


7 Mappings 


Read O'neill: Chapter |, Section 7, pages 32-39. 


Errata 
1 O'Neill, page 36, second line after the proof of Theorem 7.5: 


for F,(v), read F,(v), 


that is, the vector v should be in bold type. 
2 O'Neill, page 37, proof of Corollary 7.7: 
for ‘in Corollary 7.6’ read ‘in Theorem 7.5’. | 


Mapping In this section, O’Neill generalizes the idea of a function 
f:EF—R 

to that of a function 
F:E" — E”, 


and if F is differentiable (in the sense defined on page 33) then such functions are 
called mappings. Thus, both real-valued functions on E° and curves are special 
cases of mappings. 


We shall use mappings for two purposes in this course. First, we shall use a special 
type of mapping (isometries) in our work on curves. Secondly, a mapping between 
a ‘simple’ surface, such as a sphere, and a more complicated one will help in the 
study of the shape of the more complicated surface. For this second purpose, we 
shall need to know how a mapping ‘distorts’ geometric objects (such as curves) in 
its domain. 


Definition 7.1 This tells you how to specify a mapping: you give the coordinate 
functions. 


If you inspect the paragraph following the definition carefully, you will see that 
the ‘pointwise’ and ‘coordinate function’ forms for specifying a mapping are very 
little different; the function form is more concise. You should find little difficulty 
in switching from one form to the other. What this paragraph does re-emphasize 
is that x,y and z are functions, whereas pı, pọ and p3 are real numbers. 


The final paragraph before Definition 7.2 makes an important point. It is not easy 
to decide at a glance what effect a mapping has on its domain. Just as functions 
from R to R. can be investigated by using derivatives, so we shall use ‘derivatives’ 
of mappings to help in understanding them. To begin with, however, we look at 
what a mapping does to the route of a curve. 
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Example 7.3(1) In matrix form, with respect to the standard bases in domain 
and codomain, F can be written 


Pı i =1 0 Pı 
p | —|1 1 0 P2 |. 
P3 0 0 2 P3 


Example 7.3(2) There is no reason why you should have thought of the idea of 
considering the image of the circle a. However, it does give some insight into what 
the mapping does. 


Definition 7.4 This is the definition of a derivative for mappings mentioned above. 
If we write out explicitly the calculation involved, we can see that 


F.(vp) = (F(p + tv))'(0) r(p)- 


In this form, it is easier to see the family connection with the definition of directional 
derivative of a function on E°. Indeed, directional derivatives can now be seen as 
a special case of derivative maps. 


It is worth emphasizing that 
F tells you what happens to each point p in the domain; 
F, tells you what happens to each tangent vector Vp at p, 
by mapping it to a tangent vector at F(p). 


A very simple example might help to explain why the derivative map can give 
information about the distorting properties of a mapping. 


Example Consider the mapping 
F:E? — E, 
F= (z +y,y), 
and the tangent vectors 
Vp = (1, 0)p, 
wp = (0, 1)p. 
Working from the definition, 
F.(vp) = (F(p + t(1, 0)))'(0) 
= (F(pı +t, p2))' (0) 
= (pi +t + po, p2)' (0) 
= (1,0)(0) 
=(1,0) at F(p), 


F.(wp) = (F(p + t(0, 1)))(0) 
= (F(p1, p2 + t))'(0) 
= (pı + p2 +t, p2 + t)’(0) 
= (1,1)(0) 
=(1,1) at F(p). 
Thus, at any point p, the tangent vectors (1,0) and (0,1) are transformed to the 
tangent vectors (1,0) and (1,1) at the image F(p). 


F 
This does give some idea of how the mapping distorts the domain. E 


M203 
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Theorem 7.5 This result makes the connection between derivative maps and 
directional derivatives quite explicit. Paraphrasing: to find the value of the deriva- 
tive map on vp, directionally differentiate the coordinate functions with respect 


to vp. (This paraphrase leaves out the point of application, but is a useful aid to 
memory nevertheless.) 


The link with directional derivatives is the basis for a straightforward method of 
calculating derivative maps. The method for calculating directional derivatives in 
Lemma 3.2, 


ô ô ô 
vpl f] = L op) ut L (p) v2 + Fp) v3; 


can be written as a matrix product 


vi 
win= (Ho e o) (2) 


or, even, 
_ (of of ðf a 
=(% y Hof) 


U3 


T 


Vp 


Translating the result of Theorem 7.5 into matrix form, representing tangent vectors 
by column matrices with respect to the standard bases, leads directly to the idea 
of Jacobian Matrix discussed on page 37. For example, if 


F = (fi, fa, fs) 


is a mapping from E? to B°, then the image of a tangent vector vp under F, can 
be calculated as 


ð ô ð 
Sio io io 
afa Bhe Ph a 
Gq P) Gy P p P) (2) 
ô f3 ô f3 Ofs 
Dal ) ay P) 3, P) 

at F(p). 

It is usual to shorten 
Of in Of Of: Of, Of, 
Ja P) Dy P p P) ie o oz 
Ofe ô fə Ofe fz fz fz 
Fa P) Dy P 3, (P) | te ie ty oe (p). 
Ofs Ofs Ofs Ofs fs Ofs 
Ja P) Dy P 3, P) oz Oy Oz 


Strictly, the Jacobian matrix 


aft 
Ox 
dfo 
Ox 
Of 
Ox 


afi 
oy 
Ofe 
oy 
Ofs 
Oy 


af, 
Oz 
DA 
Oz 
ofs 
Oz 


represents F, only with respect to the standard bases in domain and codomain. 
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However, it is an understandable and forgiveable abuse to write 


Of: ðf Of 
Ox Oy az 
pu|oh a am 
“| ô Oy Oz 
fs Ofs ofa 
Ox. Oy az 


instead of ‘F, is represented by ...with respect to ...’. 


Linear approximation (Comment in second paragraph at top of page 37.) This 


comment refers to the link between the approximation 
Flath) = f(a) + f'(a) xh 

for differentiable functions from R. to R. and the approximation 
F(p +v) ~ F(p) + F.(v). 


The parallel is more obvious when the second approximation is written in column 
coordinate form: 


F(p +v) ~ F(p) + (Jacobian matrix at p) | vz 


Theorem 7.8 This result is important not only because it says that velocities of 
curves are preserved by F, but also because it is the analogue of Lemma 4.6. It 
says that the straight line 


pttv 


in the definition of F, can be replaced by any curve through p with velocity vp. 
Since F, is obtained by directionally differentiating the coordinate functions, you 
should expect results that are true of directional derivatives to be true, in a suitable 
sense, of derivative maps. 


Definition 7.9 and Theorem 7.10 These are mentioned here for completeness. In 
this course we shall use this definition and result in only one case. When we define 
surfaces, we shall use a two-dimensional version of the definition of curve. We shall 
have mappings from a suitable subset of E? to Eĉ. Although the surface defined 
by such mappings may be a very complicated object when viewed as a whole, we 
shall want any small piece of it to look quite like a piece of the plane. Regularity 
of the mappings used to define surfaces is exactly the condition that we need. 


Checking regularity involves finding the rank of the Jacobian matrix. Now, the rank 
of a matrix is the maximum number of linearly independent rows (or columns). In 
this course, we are interested in mappings from E” to E” in the cases 


n,m=1,2,3. 


If the dimension of the domain is greater than that of the codomain, then the 
mapping cannot be regular. For example, if 


F:E3 — E’ 
F= (fi, fa), 
then the Jacobian matrix representing F, is 
oh oh ah 
z 
oh oh oh (p). 
Qn Oy 62 


This cannot have more than 2 independent rows, so its rank cannot exceed 2, which 
is less than the dimension of the domain. 


Even more precisely, we 
should say that the matrix 
represents F, only with 
respect to the natural frame 
field in domain and 
codomain. We should do so 
because F, transforms 
tangent vectors, not vectors. 


It is a theorem of linear 
algebra that for any matrix 
the maximum number of 
linearly independent rows is 
the same as the maximum 
number of linearly 
independent columns. 
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In practice, the commonest situation in which you will be required to check for 
regularity is for mappings 


E? — E?, 


where the task reduces to showing that the 3 x 2 Jacobian matrix has two indepen- 
dent columns. 


Composite mappings An important result is hidden by O’Neill in two exercises. 
Because of the importance of the result, we ask you to do the two exercises now. 
Our solutions (with comments) follow immediately. 


Try O’Neill, page 40, Exercises 7 and 12(b) now. 
Solution to Exercise 7 In full: 
G(F(p1, p2)) = G(fi(p1, p2), fo(pr, p2)) 
= (g1(Fi(P1; P2), f2(P1, P2)), 92(f (P1, P2), f2(P1, P2)))- 
In function form: 
GF = (91 (fi, f2), g2( fi, fe))- 


Because F and G are mappings, their coordinate functions are differentiable. Thus, 
the coordinate functions of GF involve composites of differentiable functions. Hence, 
the coordinate functions of GF are differentiable and GF is a mapping. 


Solution to Exercise 12(b) This requires three applications of Theorem 7.8. First, 
let 


B= G(F(a)). 
Then, by Theorem 7.8 applied to GF 
(GF) (a) = 6". 


Now, if we define 


= F(a) 
and apply Theorem 7.8 to F, we obtain 
F,(a’) =y. 
But 
b= G(7), 
so 
G=: 


Putting these results together gives 
(GF) (a) = p 
=G.(7) 
= G.(F.(a')). 
The consequence of this last result is a ‘composite rule’ for derivative maps. Since 
(GF).(a') = G.(F.(a’)) 
holds for all possible curves in the domain, we conclude that 
(GF), = G.(F.). 


The composite rule as stated above is a little dangerous when using Jacobian ma- 
trices to carry out calculations. If we recall the composite rule for functions from 
R to R in the form 


(go FY =9'(f) xf, 


perhaps you can see why. The derivative g’ must be evaluated at the image under 
the first function, f. 
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O’Neill writes GF for the 
composite, where you may be 
used to writing Go F. 


Consider what happens under the various composites that we are discussing. The 
mappings transform points: 


P '— F(p)+> G(F(p)). 
The derivative maps transform tangent vectors: 
Vp +> Fi(vp) rp) > (GF)«(vp a(r(py)- 


It should be clear that F, can be achieved by applying the value of the Jacobian 
matrix for F at p but that G. requires the value of the Jacobian matrix for G at 
F(p). 


This last statement suggests that a ‘safer’ statement of the composite rule for 
mappings is 


(GoF), =G.(F)F., 
where G,(F) means G, evaluated at F. 


This alternative form of the composite rule for maps has the advantage of being 
very similar to the one for ordinary functions. 


The set of exercises for this section includes practice at finding derived maps of 
composites using Jacobians. 
Exercise 7.1 Express each of the following mappings from E to E in terms of 
the Euclidean coordinate functions. 
(a) F : p — —3p (b) F : p (eP!P?, ps + 2po, p?) 
Exercise 7.2 The mapping F : E? — E? is defined by 
F = (2Qey,2? — y’). 
Find the images under F of the following lines, and identify the image curves. 
(a)@=1 $) y=- 
Exercise 7.3 Let F : E? — E? be the mapping 
F = (x —y,z£ + y,2z), 
from O’Neill, Example 7.3. 


(a) Find, from first principles, the derivative map F,. 
(b) Show that F is linear, in the sense that 


F(ap+bq)=aF(p)+bF(q), for all p,q € EÊ, a,b E€ R. 


(c) Generalize the result for F to show that if G is any linear transformation 
(mapping) from E? to E°, then 


G.(vp) = G(v)c(p)- 


Exercise 7.4 Let F be a mapping from E? to E? and let G be a mapping from 
E? to E? defined by 


F=(e+y,2-2y,2+y+z) and G=(2?+y?,y? +27). 
(a) Write down the Jacobian matrix for F,. 


(b) Write down the Jacobian matrix for G, and evaluate it at F(x,y, z). 
(c) Use the composite rule to find the Jacobian matrix for (Go F)». 


[Solutions on page 35] 


The similarity may make it 
more memorable. 
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8 Summary 


=n 
Read ovneil: Chapter |, Section 8, page 41. 
—_——_——_ 


The first chapter of O’Neill has not provided all the tools needed for our study of 
curves. We shall need a little more discussion of frame fields and some work on 
reparametrization. The first two sections of Part II will provide what is necessary. 


There is one ‘spin-off’ from the work on derivative maps that we have done. We 
can provide a general version of the chain rule. Suppose that we extend the work 
done on Exercise 7, page 40 of O'Neill. 


We have mappings 
F=(fi, f2) G= (91,92) 


from E? to E?. The corresponding Jacobians are 


Ox Oy ôr dy 
d 

af. af | | ôn don 

Ox dy Ox dy 


The composite mapping G o F has Jacobian 


Ogi(fi, fe) gli, fo) 


Ox Oy 

dalfi, f2) Ogo(Fi, fo) 
Ou Oy 

Writing out the composite rule for derived maps gives 

Ogi(fi, f2) Agi (fi, fe) ðgı gy Of, Of: 
Ox Oy _| Ox dy (F) ôr Oy 

Oga(fis fo) gfi, fə) g Ago Of, Ifa 
Ox Oy Ox dy Ox Oy 


Taking the top left element of both sides gives 


nlf fa) _ 8 Le! 
ath f) an (fi, fa) oh + a foh) 


There are three other, similar results. 


afa 
ðr’ 


A similar approach for a function of three variables would give 


ð J2, ô ô ô ô 
A) O, fy, fah By PaSa DE + M, fo, fah, 


You might like to show that the composite rule for derived maps reduces to the 
ordinary chain rule in the case of mappings (functions) from R to R. (Hint: A 
1 x 1 Jacobian matrix is just like a function.) 
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Solutions to the exercises 


Solution 1.1 
(a) We have 
= (2 y)(ysin 2)? = 2?y° sin? z. 
(b) Here 
af 
aa 22y, 
a =sinz, 
ô i i 
Fea + SEF = (20y)lysin =) + (sin =)(2"v) 


= ry(2y+2)sinz. 
(c) Note that, by definition, 
#(f9) _ 2 fa) 
“Oyaz ~ Oy az ` 
We differentiate first with respect to z, then with respect 


to y. Although it is perfectly easy to find fg and work on 
that, we shall ‘ha ei to use the product rule: 


alfy 

AD -ta 
Say oe 
= 2”y’ cos z, 

a? (fg) _ A(x? y* cos z) 

ðyðz oy 
= 227 ycos z. 


(d) This provides an example suitable for using the chain 
(composite) rule: 


Osin(f) _ d(sin(f)) 3f 
ay “e ay 


= cos(f) z? 

= x” cos(x"y). 
Note that we could have written the start of this solution 
as 


F sin'(f) 92 = 


Solution 1.2 


(a) This solution is full to the point of tediousness just 
to illustrate what is meant by the pointwise principle 
(abbreviated here to pp). 


f(1,1,1) = (2?y — y?z)(1,1,1) 
= (a? y)(1, 1,1) — (y?z)(1,1, 1) (pp for subtraction) 
= (27)(1,1, 1)y(1, 1,1) — (y?)(1,1,1)2(1,1, 1) 

(pp for multiplication) 


= 2(1,1,1)2(1,1,1)y(1,1, 1) — y(1, 1, 1)y(1, 1, 1)2(1, 1,1) 


(pp for multiplication) 
=1x1x1-1x1x1=0. 


In practice, you probably did the calculation with a 
fraction of the effort expended here. 


(b) This time we give a shorter solution! 


£(3,-1,1/2) = (z°y — y’z)(3,-1, 1/2) 
= 3? x (—1) — (-1)? x (1/2) 
= —9 — 1/2 = -19/2. 
(c) Here 


f(a,1,1—a)=@ x1- I? x(1-a) =a’? +a- 1. 


(d) This time 
fte?,Pj=? x? (Peat —t. 


Solution 1.3 


These solutions use the linearity properties, the Leibniz 
property and the chain rule as appropriate. 


(a) Here 
of. ô sin(xy) ð cos(xz) 
a sin(xy) + ar E Ocos(xz) + 7 


= sin(ry) + zy cos(ry) — yz sin(xz). 
(b) In this case 
of = cei) dg (chain rule) 
d(e”) ðh 
dh Ox 
= cosg e” Qa 


2 2 2 2 2 2 
= 2re” W +E cos (e HEF ) k 


= cosg (chain rule) 


Solution 1.4 


What would be extremely useful for this question is a 
generalized chain rule. However, for now, we calculate the 
composite function in each case and differentiate directly. 


(a) Here 


f= (2 +y) —(y’)(e +2), 


ô 
SE = (2 +y) (+0) = 2 +y) =. 
(b) This time 


2 
f= ette 


= e e?e 
e77 (1 — e”), 

so 

Of _ 5,227, _ 29 

Oe 2e**(1 — e”) 
(c) Now 

f = 2? —(-2)(x) = 22°, 
so 

of 

On 4r 
Solution 2.1 


By definition, the vector part of 3vp — 2wp is 
3v — 2w = 3(—2, 1, —1) — 2(0, 1,3) 
= (—6, 1, —9). 
Hence 
3Vp — 2Wp = (—6, 1, —9)p. 
This result could also be written 
3Vp — 2Wp = —6U1 (p) + U2(p) — 9U: (p). 
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Solution 2.2 and the three vectors are linearly independent. 


First, we find W — zV; (b) We want 
W — zV = (2270, — U3) — 2(2Uy + yr) 2U, + yg + 2U3 = fV, + gVo + hVs 
= 227 U2 — Uz — 2°Uy — nye = f(U; — 2U3) + gU2 + h(x; + Us), 
= —27U; + (22? — ry)U2 — Us. where f, g and h are functions from E° to R. Comparing 
Now, the value at p = (—1,0, 2) of this vector field is the coefficients of the U; gives 
(—27U; + (2x? — xy)U2 — Us)(—1, 0, 2) z= f+ hs, 
= —(-1)?Ui(—1, 0, 2) + (2(-1)? — (—1)(0))U2(—1,0, 2) LEN 
—Us(—1, 0, 2) z=—frt+h. 
= ~U;(-1,0,2) + 2U2(-1, 0, 2) — Us(—1, 0,2) We have 
= — (1,0, 0)¢—1,0,2) + 2(0, 1, 0)¢—1,0,2) — (0, 0, 1)(-1,0,2) 3 =y, 
= (-1, 2, —1)(-1;0,2) and substituting f = x — ha from the first equation into 
ae wy the third gives 
Solution 2.3 z=—(rx-—he)r+h 
(a) Since =h(1 +27) -—2?. 
TV = 22°U, — zyUs, Hence 
we have h=(2?+2)/(1 +27) 
2 
Vay, 40, — Us. and 
T T r? +z 
You may, quite reasonably, have omitted the middle term Sai 1422 
since it is zero. 2 
ak e 
(b) We can rewrite the information given as = a(1— T+ z7) 
V (p) = p101 (p) + (ps — pı)U2(p) + 0U3(p). 20-2) 
If we also use z(p) = pi, etc., we obtain i 1+ 2? 
V(p) = 2(p)Ui(p) + (2(P) — 2(p))Ua(p) + 0Ua(p) ph sü Dhr 
which, by the pointwise principle, defines V to be zUı + yU2 + 2U3 = 1422 Yi tyVo 4 T+ a2 Vs. 
V = gU, +(2—2)U2 + 0U3. 
(c) We have V = £U1 + 2yU2 + xy? U3. 
(d) First, we need the vector part of V(p), which is Solution 3.1 
(1+ pi, pops, p2) — (pr, p2, p3) = (1, pops — pa, p2 — ps). To apply the definition we shall need p + tv: 
By an analysis like that in the first part of this question, pt+tv = (2 + 2t, —t, -1 + 3t). 
we obtain (a) Using the above: 
V EUa Pie Uart aa: vel f] = ((9?2)(2 + 2t, =t, —1 + 34))'(0) 
(e) Here the vector part is (—pi, —p2, — p3), so bs ((-t)?(-1 + 3t))'(0) 
V(p) = (—p1, —p2, —p3)p = (2t(—1 + 3t) + (3))(0) (product rule) 
and so =0+0=0. 


V = —zU; — yU2 — zU3. (b) Working as in the last part, 


Solution 2.4 vpLf] = ((2 + 2t)’)'(0) 


6 
(a) By the definition of independence of tangent vectors = (7(2 + 2t)" x 2)(0) 


3 


it is enough to show that the vector parts are linearly =7x2 x2 
independent. The vector parts are = 896. 

(1,0,—pi); (0,1,0) and (pi, 0,1). (c) This time 
We apply the standard test for linear independence. vp Lf] = (e+ cos(—t))'(0) 


Suppose that 
a(1,0,—pi) +b(0,1,0) + c(p1,0,1)=0, a,b,ceER. 


Comparing components gives 


= (2e?t? cos(—t) + e?*?*(— sin(—t))(—1))(0) 


= 2e? cos 0 + e° sin 0 


ape, 

a+cpm =0, s 
b= 0, 
-ap + e= 0. 


We have b = 0 immediately. The third equation gives 
c = apı, and substituting in the first gives 


a+ap = a(l + pi) =0. 
Since 1+ Pi > 0, we have a = 0 and hence c= 0. Thus 


a=t=e= 0, 
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Solution 3.2 


For each part, we calculate the three partial derivatives, 
evaluate at p and then apply the formula from 
Lemma 3.2. 


a a 
(a) sf =o, slip) =o, 
a a 
Fe = tue, SLi) = 2(0)(-1) =0, 
of ay, ofp) = 0? =0, 
vp[f]=0 x 2+0x(-1)+0x3=0. 
(b) of tas, Sfp) =7 x 2° = 448, 
OF. Of. 
ay T> By?) =° 
af af 


(c) = = e" cosy, Bp) = eè cos = e, 
of 
oy 


=> =-e*siny, (p) = —e? sin 0 = 0, 


=i, ise 
a2 = 9 Bz (P) =9, 
vplf] = e?(2) +0 + 0 = 2e. 


Solution 3.3 


The main technique used here is U;[f] = 3f /dx2;. We also 
use linearity but, as usual, this is more or less taken for 
granted, 


V[F] = (2V1 — U2 + 3Ua)[f] 
= 2U,[f] — V2[f] + 3Us[f) (linearity) 


= 2e” cos y — e? (— sin y) + 3(0) 
= e? (2 cos y + sin y). 


Solution 3.4 


These questions are all tackled by applying the various 
parts of Corollary 3.4 (pages 13-14) and U;[f] = Of /ðzx;. 


(a) Here 
V[F] = (y°U1 — sUa)[f] 
=U, [f]—2Us[f] (Corollary 3.4(1)) 


a oE ag Oh 
=Y 3r "Oz 
=%°(v) — 2(0) 
=°. 


(b) This time, 
V(g] = y’ U [g] — 2Us[g] 


299 og 
=Y Js 72 
= 4° (0) — 2(327) 
= 3027. 


(c) Now 
Vif9] =VIflg+fVIg] (Corollary 3.4(3)) 
= y°g + f (3x27) (using parts (i) and (ii)) 
=y°(2°)+ zy(—3227) 
= y2’ (yz — 327). 


(d) In this case, 
£V(9] — gV[F] = 2y(—3027) — 2° (4°) 
= —yz? (32? +yz). 
(e) We could do this question very simply by calculating 
Pry. 
However, there is some merit in seeing how Corollary 3.4 


gives an extension to a familiar result from ordinary 
calculus. First, note 


Vif?) = VIFF) 
=V[F]f +f VIS] 
=27V [f]. 


This result may remind you of applying the (ordinary) 
chain rule to obtain 


FY = aff". 
Applying the result above and a corresponding one for 
V[g?], 
VIZ? +g°] = VIF] +VIg’] (linearity) 
= 2f V[f] + 29 Vig] 
= 2(xy)(y*) + 2(2°)(—322°) 
= 22(y* — 32°). 
(f) Now, we have 
VIVI] = Vip") 
= (y°U; — 2Us)ly"] 
= p° Uily*] - 2Ualy*] 


_ 23y? dy® 
ro an Oz 
= „° (0) — 2(0) 
=0. 


Solution 3.5 

The question directs us to calculate the three derivatives 
V[z:] = v1 Ui [zi] + v2V2[xi] + v3Us[z:], i= 1,2,3. 

To do this, note that 


i, OAR i di 

0a,’ ðe i 
That is, 

Ox; Ox; P 

zs =1 ~——=0 A 

Ox; "Oa; p Oey 
Hence 


V [xi] = v1 Ui [z:] + v2U2[z:] + v3U3[2i] = vi, 
This is because only the term whose suffix is i is 
non-zero. Hence, by the definition of V, 


V = vU + v2U2 + v3U3 
=V[ri U1 + V[x2]U2 + V[xa]U3 


= x V[z;]U;. 


i=1,2,3. 


Solution 3.6 


The method of solving this question illustrates a good 
general point. When some property is given to hold for 
all of some class of objects, it is always worth applying 
the information to some ‘easy’ particular cases. Here we 
are told that V[f] = W[f] for all real-valued functions f 
on E*. We may obtain useful information by applying 
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this to the coordinate functions 2;, i = 1,2,3. We shall 
use the standard convention that 


V =U; + v2U2 + v3U3 
W = wil, + wUz + w3U3. 
By what we know, 
V[si] = W[zi], = 1,2,3, 
but we also know that 
V[ei] = vi, W[z:] = wi, 
so 
vj =wi, 1=1,2,3. 
This means that V = W. 


Solution 4.1 


(a) We obtain the velocity by differentiating each 
coordinate function: 


a'(t) = (—4 cos tsin t, 2 cos 2t, 2cost)at), O<t< z 
Note that the velocity vector has a point of application 


since it is a tangent vector (as well as being a vector 
tangent to the curve). 


Evaluating at 7/4, we use 


in” Scot = 

sin 7 = co T 
cos 3 =0, snz = 1. 
Thus 


a’ () = (-2,0, V2) 3,2): 
(b) (i) The length of a(t) is given by 

la(t)l| = V/4 cos! t+ sin? 2t + 4sin? t 

= V/4cos! t+ 4sin? tcos? t+ 4sin? t 
(sin 2t = 2sin tcos t) 

= /4cos? t(cos? t + sin? t) + 4sin? t 
= V4cos? t + 4sin? t 
=V4=2. 


(ii) By similar methods, 


lla(t) — (1, 0, 2sin t)|| = JV cos? t — 1)? + sin? 2t + 0? 
= y cos? 2t + sin? 2t 
(cos 2t = 2cos? t — 1) 
=vV1=1. 
(c) Given that 
t = h(s) = arcsin s, 
that is, 
s=sint, 
we shall need cost in terms of s as well: 
cost = V/1—sin?t = \V/1 — s?. 
Hence, using 
sin 2t = 2sin tcost, 
we have 
B(s) = a(h(s)) 
= (2(/1 = 82)’, 28\/1 — 82, 2s) 
= (2(1 — s”), 2sy/1 — s?, 2s). 
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Solution 4.2 


If we assume that the coordinate functions of a are ay, 
œz and a3, then we know that 


a(0)=1, a()=?, 
a2(0)=0, a3(t)=¢, 
a3(0)=—-5, ag(t)=e'. 


Integrating, and using the initial values, gives 


e 
ai(t) = 7 Ph 


P 

a(t) = > 

aa(t) =e — 5, 
so 

3 2 

a(t) = (5 +1, se — s) r 
Solution 4.3 
We begin by expressing the equation of each line in 

p+tv 
form. For the first line, 

p = (1, —3,—1), 


v = (6,2,1) — (1, —3, —1) = (5,5, 2). 
Hence the equation is 

a(t) = (1, —3, —1) + 4(5, 5, 2) 

= (1+ 5t, —3 + 5t, —1 + 2t). 

For the second line, 

p=(-1,1,0), 

v = (—5, —1, —1) —(-1,1, 0) = (—4, —2, —1). 
This gives 

p(s) = (-1 — 45, 1 — 2s, —8). 
In order to discover if these lines meet, we must try to 
solve 

(1 + 5t, —3 + 5t, —1 + 2t) = (—1 — 45, 1 — 2s, -s). 
Comparing the third components shows that, if there is a 


solution, we must have s = 1 — 2t. The first component 
now gives 


1+5t = —1 — 4s = —1 — 4(1 — 2t) = 8t — 5, 


so 

6=3t 
or 

t=2. 
Hence 


s=1-4=-3. 

Checking the second components: 
—3+5t = —3 + 5(2) =7, 
1—2s =1-(-6)=7. 


Thus, taking t = 2, s = —3 shows that the point (11,7, 3) 
lies on both lines. 


Solution 4.4 

(a) The three velocity vectors are 
earar 
(cos t, — sin t, leites tt) and 


(cosh ¢, sinh £, 1)(sinh t,cosh t,t)- 


It follows that the velocity vectors at t = 0 are all 
Vp = (1,0, 1)(0,1,0)- 
(b) We apply the corollary to Lemma 4.6 that was 
discussed earlier in this section. For each curve, we 
evaluate f on the curve, differentiate and then substitute 
t=0: 
f(t,1+?,t =? -14?) 42, 
Derivative = 2t — 2(1 + 4?)(2t) + 2t, 
Att=0, value = 0 — 0 + 0. 
Hence vp[f] = 0. 
Similarly with the second curve: 
f(sint, cost, t) = sin? t — cos?’ t + t°, 
Derivative = 2sin tcost + 2costsin t + 2t, 
At t= 0 value= 0+0+0=0. 
For the third: 
f(sinh t, cosh t, t) = sinh? t — cosh? t + #, 
Derivative = 2sinh t cosh t — 2 cosh tsinh t + 2t, 
At t= 0 value = 0+0 +0 =0. 


Solution 4.5 


Following the definition given in the question, we first 
find the velocity vector: 

a(t) = (—2sin t, 2 cos t, 1){2 cos t,2sin nt) 
Now we write down the tangent line: 

ut— (2cost, 2sin t, t) + u(—2sin t, 2cos t, 1), 
that is, 

ut— (2(cos t — usin t), 2(sin t + u cos t), t + u). 
Hence, at t = 0 we obtain 

ur (2, 2u, u). 
At t = 7/4, the tangent line is 

urs (V2(1 — u), V2(1 +u), z/4+ u). 
Note: In the above solution we have opted to find the 
general form of the tangent line and then substitute to 


obtain the two special cases asked for. You may well have 
dealt with each special case individually. 


Solution 5.1 
(a) We use the properties of dz, etc., that is 
dz(vp)=%, dy(vp)= v2, dz(vp) = v3. 
We have 
(4? dx) ((1, 2, -3)(0,-2,1)) = y(0, —2, 1) dz(1, 2, —3) 
= (-2)°(0) 
=4. 


(b) Similarly, 
(zdy — ydz)((1,2, —3)(0,-2,1)) 
= z(0, —2, 1)dy(1, 2, —3) — y(0, —2, 1)dz(1, 2, —3) 
= 1(2) - (~2)(-3) 
=—4, 
(c) Here, 
((2? — A)de — dy +2? dz)((1,2,-3)¢0,-2.) 
= (1? =1)(1) - (2) +0°(-3) 
=0-240 
= —2. 


Solution 5.2 


In this solution we make heavy use of the values of dz, dy 
and dz on U1, U2 and U3: 


dz(U;)=1, dz(U2)=0, dx(Us) =0, 
dy(U:)=0, dy(U2)=1, dy(Us) =0, 
dz(U;)=0, dz(U2)=0, dz(Us) =1. 


(a) Expanding ¢ and using linearity gives 
$(V) = (x? dz — y? dz)(xU1 + yU2 + 2Us) 


= z? dx(2U; + yU2 + 2U3) — y? dz(xU; + yU2 + 2U3) 


= z°(z dz(U1) + ydz(U2) + zdx(Us)) 
—y?(xdz(Ui) + y dz(U2) + z dz(U3)) 
(linearity of 1-forms) 
= z?°(z +0 +0)-— y? (0+0 + 2) 
ca 
=r — yz. 
(b) Similarly, 
o(W) = (x? dz — y? dz)((£y + yz)U1 — yzU2 — xyU3) 
= 2°(zy + yz) — y’ (—2y) 
(method as first solution) 
= zy(x? + s42} ys 
(c) There is no need to start from scratch with this one, 
we can use the two previous results and linearity: 


$ (iv $ iw) = 16v)+ aw) (linearity) 


= Le —y°z)+ Foa? + 22(y’) 


= os +2(2” +234 =y’). 
Solution 5.3 
These are all applications of the chain rule. 
(a) Here, 
a(f*)=5f* df. 
(b) This time, 


AVP) = 557 af 


= th 
=a 
(c) Finally, 
d(log(1 + f°) = 2f af 
_ 2fdf 
TE 


Solution 5.4 

It is worth noting that the three partial derivatives of 
(2? +y? 427)? 

will all have the same form because of the symmetry: 
a(x? +y? + 22)12 


T = 3(2? + y + 2) (22) 


T 
a (x? +y + 22)1/2° 


Similarly, 
A(z? +y? + z?)1/2 y 
ay CETATI 
O(z? 4+ y? +2) z 
oe ~ (a +4? + 212" 
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Hence 


1 
df = CTET + ydy + zdz). 
Solution 5.5 


In each case we check the two requirements: that ¢ be a 
real-valued function on tangent vectors and that it be 
linear at each point of E°. 


In order to express the 1-forms in terms of dz, dy and dz, 
we use 
dz(v) =v, dy(v)=v2, dz(v) = v 
and the pointwise principle. 
As usual, we use dz etc. and dz; etc. interchangeably. 


(a) This is a 1-form. First, by the definition given, ¢ is a 
real-valued function on tangent vectors. Next, 

(av + bw) = (avı + bwi) — (avs + bws) 
a(vı — v3) + b(wı — ws) 

= ad(v) + bd(w), 

so ¢ is linear at each point of E°. 
We have 

$(v) = vı — v3 = dx(v) — dz(v), 
so, by the pointwise principle, 

ġ = dz — dz. 
(b) This is not a 1-form, although it is a real-valued 
function on tangent vectors. It fails to be linear, as the 


following counterexample shows. Let v be any tangent 
vector at the point p = (1,0,0). Then 


$(v)=1-0=1. 


However, ¢(2v) = 1 — 0 = 1, since 2v is based at the 
same point, thus 


o(2v) # 2¢(v). 


(c) This is a 1-form. It is a real-valued function on 
tangent vectors and, at each point, pı and p3 are fixed so 


(av + bw) = (avı + bwi)p3 + (av2 + bwe)pr 
= a(vips + v2pi) + b(wips + wap) 
= aġ(v) + bġ(w), 


so ¢ is linear. 
Here 
$(v) = vips + vepr 
= dz(v) 2(p) + dy(v) x(p), 
so 
d=zdr+ady. 


(d) This is a 1-form. By the definition, vp[f] is a real 
number for any function f on E*, so ¢ is a real-valued 
function on tangent vectors. Also, Theorem 3.3(1) shows 
that 


olav + bw) = (av + bw)[x” + y°] 
= av[z? +y"] + bw[x? + 4°] 
= ag(v) + bd(w), 
and ¢ is linear at each point. 


We first evaluate ¢(v) using 
3 
ð 
volfl= SL@)e: 
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as 
o(v) = velz? + 97] 
= 22(p) vı + 2y(p) v2 + 0v3 
= 2x(p) dx(v) + 2y(p) dy(v). 
Thus 


ġ = 2xdx + 2y dy. 


Note: You could simply have quoted O’Neill’s general 
result that df is a 1-form whose value on vp is vp[f]. The 
last part follows from 


3 
=5 of 
df= aap tt 
i=l 


(e) This is a 1-form. It is a real-valued function on 
tangent vectors. Also, 


(av + bw) =0 
=0+0 
= ag(v) + bġ(w). 
In this case it is clear that 
$ =0dr+0dy +0dz. 


(f) This is not a 1-form. It fails to be linear, and the 
same counterexample as used in part (b) will illustrate 
this failure. (Use any tangent vector based at (1,0,0).) 


Solution 6.1 


In the first part we make use of the distributive 
properties of the wedge product, the alternation rule and 
the ‘repeats are zero’ property. 


In the second part, we use the definition of exterior 
derivative. 


(a) (i) We have 
oA = (yz dz + dz) A (sin z dz + cos z dy) 
= yzsin z dz dx + yz cos z dz dy 
+sin zdzdz + cos z dz dy 
= yz cos z dz dy — sin z dz dz — cos z dy dz. 
(ii) Here 
PAE = (sin zdz + cos z dy) A (dy + ž dz) 
= sin z dx dy + z sin z dz dz 
+ cos z dy dy + z cos z dy dz 
= sin z dz dy + z sin z dz dz + z cos z dy dz. 
(iii) In this case 
EAG= (dy + zdz) A (yz dz + dz) 
= yz dy dz + dy dz + yz? dz dz + zdz dz 
= —yz dz dy — yz” dz dz + dy dz. 
(b) We use the definition, which amounts to saying ‘to 


find the exterior derivative, find d of the coefficient 
functions’. 


(i) We obtain 
dọ = d(yz dz + dz) 
= d(yz) dz + d(1)dz 
= (0dz + zdy + y dz)dz + 0 
= zdy dz + y dz dz 
= —z dz dy — y dz dz. 


(ii) Here 
dy = d(sin z dx + cos z dy) 
= d(sin z) dx + d(cos z) dy 
= cos z dz dz — sin z dz dy 
= — cos z dz dz + sin z dy dz. 
(iii) In this case 
dé = d(dy + z dz) 
= d(1)dy + dz dz 
=0. 


Solution 6.2 


We calculate the three terms individually. First, 


dle ny) =4(Zaensay) 


=d (: is ay) 
y 


= = dy de dy + asdeas 
y y 


1 
=0--dadzd 
y Yy 


1 
=m age and 
(-} avis) 


1 
= -dr dy dz. 
y y 


Next, 
dọp^yp=d (Ze) Azdy 


i 
Satya Ady 


=0 because dy is repeated. 
Finally, 
abd -5 de Ad( dy) 


1 
= —-dr Adzd 
y y 


DORT N 
y 


= E irapa 
y 


Comparing these results, we see that 
d($ ^y) =d AY- ġ Adh 


in this case. 


Solution 6.3 


This solution hinges on the fact that ‘mixed? second 
derivatives are independent of the order of differentiation 
(at least for the well-behaved functions considered in this 
course). That is, 


2 (32) PPE (OF 
Oy \dx) ðs \ ðyj” 
We know that 


OF gy OF 
df = 5 da + dy + 


of 
dy dz. 


Oz 


So, finding the differential of each coefficient, 


ô of dof, | @ of 
a(df) (2 ðr dart Oy Ox dy 4 Oz Ox de jie 


+ (Zier Ata Au) a 
+ (eet i AE pee) a 
= Hype dyas L dedy 

TET dr + 2 oF ana 

+ ogee dy+ Š ay dz 
=0+0+0=0 


The final collapse is caused by the remark before the 
solution and the alternation rule. 


Applying the above result gives 
d(fdg)=dfAdg+fd(dg) (Theorem 6.4(2)) 
=dfAdg+0 
= df A dg. 


Solution 6.4 


In this solution we apply the various parts of 
Theorem 6.4 together with linearity and the alternation 
rule. The result from the last solution is also useful. 


(a) We obtain 
a(f dg +g df) = df A dg + f d(dg) + dg Adf + g d(df) 
=dfAdg+0+dgAdf+0 
=dfANdg+dgAdf 
=0. 
Note: If you happen to recognize that 
fdg+gdf = d( fg), 
then the result can be obtained quickly: 
a(f dg + g df) = d(d(fg)) = 0. 
(b) In this case, we have 
a((f — g)(df + dg)) 
= d(f — g) A (df + dg) + (f — 9)d(af + dg) 
= (df — dg) A (df + dg) + (f — 9)(d(af) + d(dg)) 
= df A df + df ^ dg — dg Adf — dg ^ dg + (f — g)(0 +0) 
= df Adg + df A dg 
= 2df A dg. 
(c) Here we apply Theorem 6.4(3), then Theorem 6.4(2): 
a(f dg ^g df) = d(f dg) A (g df) — (f dg) ^ d(g df) 


= (df ^ dg + fd(dg)) A (g df) — (fF dg) A (dg A df + g d(af))) 


= (df A dg + 0) A (g df) — (f dg) A (dg A df +0) 
=Q. 
(Each term has a repeated differential.) 
(d) Here we have 
d(gf df) + a(f dg) 
= d(gf) A df + gf (df) + df A dg + fd(dg) 
= (fdg +gdf) A df +0+df Adg +0 
= f dg Adf +0 + df A dg 
= (1 — f)df A dg. 
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Solution 6.5 
Following the hint, if we start with 

¢ = fi dry + fz dz2 + fadzs, 
then 

dọ = df, A dx; + dfz ^ dzz + dfs A dzs, 
by the definition of exterior product. Now, consider the 
exterior derivative of each of the terms on the right-hand 
side of the last equation. For the ith term, 

d(dfi A dai) = d(df) A dzi — df A d(dz:) 

=04+0=0. 

Both terms are zero because d(dg) = 0 for any function g 


and so the second derivatives of both f and z; are zero. 
Hence d(d¢) = 0. 


Solution 6.6 


Because the functions are E? — R, we have the 
differentials 


af = $L ae + Fay, 
oy 
= 29 ay 4 OF 
dg = 5 de dy 
Hence 
ap nag = (ÊE Fact hay) a (5 SE da + A dy) 
Of ag Of og j 
= 0+ ra tet a5 dydx +0 
Of dg Of dg 
= lza By ax) W 
af af 
Ox Oy 
= dz dy. 
ðs 89 
Ox Oy 


Note: This result does imply the alternation rule 
because dg A df will give rise to a determinant consisting 
of the same entries as above but with the columns 
interchanged. As you can easily verify, interchanging two 
columns of a determinant changes the sign. Hence 


dg Adf = —df A dg. 


Solution 7.1 


We have used z, y, z for the coordinate functions. 
Answers expressed in terms of xı etc. are equally 
acceptable. 


(a) Since 

—3p = (—3p1, —3p2, —3ps), 
we have 

F = (-32, —3y, —3z). 
(b) Here we have 

F = (e™”,z + 2y, x°). 


Solution 7.2 
(a) If p lies on the line s = 1, then p = (1, p2). Thus 
F(p) = (2p2,1 — p2). 


There are various ways of deciding what curve in E? is 
represented by 


p2 + (2p2, 1 — p). 
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One way is to see that the coordinates are related by 


r 2 
=1-(=) , 
s ( 2 ) 
and so the (route of the) curve is a parabola. 
(b) A similar approach shows that if p = (pı, —1), then 
F(p) = (—2p1, pt — 1), 
so the curve has equation 
-T 2 T 2 
om (G) ~1= (Fy = 


This is also a parabola. 


Solution 7.3 


(a) Suppose that vp is a tangent vector to E°. Then, by 
the definition, 


F.(vp) = (F(p + tv))'(0) r(p)- 
Now, 
F(p + tv) = F(pi + tvi, po + tvz, pa + tvs) 
= ((p1 + ter) — (p2 + tv2), (pı + tv1) + (p2 + tv2), 2(pa + tva)) 
= ((pı = p2) + (v1 — v2), (pı + p2) + t(vı + v2), 2ps + 2tvg) 


(F(p +tv) = Ha — v2, v + v2, 2v3), 
(F(p + tv))'(0) = (v1 — v2, v1 + v2, 2v3), 
F(p) = (pi — po, pı + pr, 2ps). 
Hence 
Fa(vp) = (v1 — v2, v1 + v2, 2v3 )(p1—=pa,p1 +2 :2p3): 


Note that in this case we also have 
Fi(vp) = F(v) rp) 


(b) Using the standard notation for components of p and 
q, we have 


F(ap + bq) = F(api + bq, ap2 + bg2, aps + bgs) 
= ((ap: + bq1) — (apa + bg), (apr + bq) + (ape + bg2), 
2(aps + bgs)) 
= (a(pı — pr) + (1 — 92), a(pı + p2) + B(q1 + 42), @2p3 + b2q3) 
= a(pı — p2, Pi + p2, 2p3) + (41 — 92,91 + 42, 248) 
= aF(p) + bF(q). 


(c) We apply the definition of G, and the information 
that G is linear: 


Gelvp) = (GP + tv) exp) 

= (G(p) + tG(v))'(O)acpy (linearity) 
=(0+G(v))(O)a(p) (differentiating w.r.t. t) 

= G(V)a(p)- 


Solution 7.4 
(a) Since 
(x+y) 
Ox 
etc., we have that the Jacobian for F is 


1 1 0 
1 -2 0]. 
1 a iT 
(b) Similarly, the Jacobian for G is 
2x Qy 0 
0 2y 2z)° 
Evaluating this at F gives 


wre 2(x — 2y) 0 ) 
0 2(x— 2y) %e+y+z) 


=1 


since 2(F) =z(r+y,c—2y,n+y+z)=2+y, etc. 


(c) Combining the last two parts gives the Jacobian for 
GoFas 


ti 2(z — 2y) 0 e Es o) 
0 2(x— 2y) 2(£+y+2) i 


= 2(2x — y) 2(—z + 5y) 0 
~ (2(2r-y+z) 2(-1+5y+2z) %c+ytz)]° 
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Introduction 


This part of the course begins the study of curves, the first application of the ideas 
introduced in Part I. 


There are a few geometric preliminaries which are needed and these are dealt with in 
Sections 1 and 2. O’Neill assumes that the idea of dot and cross product of vectors 
is understood already; what is done now is formally to transfer these operations to 
tangent vectors. We shall need these operations for investigating curves because 
we shall be using the ‘moving frames’ method. We shall need to be able to do 
calculations with tangent vectors at each point on the route of a curve in E3. 
These first two sections also give a reminder of the link between distances, as 
usually measured in E’, and dot products. 


In Sections 3 and 4 the study of curves proper begins. First of all a carefully chosen 
set of basis vectors is placed at each point on the curve. Next, the rates of change 
of these basis vectors are found and expressed in terms of the basis. The formulas 
expressing the rates of change of the basis as linear combinations of the basis vectors 
are of central importance in the study of curves. The formulas are known as the 
Frenet (sometimes Serret-Frenet) formulas. 


We shall eventually prove two theorems: the first says, essentially, that congruent 
curves have the same coefficients in their respective Frenet formulas. The second is 
the converse: that curves with the same coefficients in their Frenet formulas must 
be congruent. 


These theorems provide a strong link between the calculus of curves and their 
geometry. The Frenet formulas arise from the calculus by considering the rate 
of change of a basis. However, they completely determine the geometry of the 
curve. Perhaps the following, very non-rigorous suggestion may indicate that this 
is reasonable. Imagine driving along a road at constant speed. The forces that 
you experience pushing you from side to side (which are related to acceleration—a 
calculus notion) depend on how sharply curved the road is, compared with the 
speed with which you drive. Thus links between geometry and calculus are part of 
everyday experience. 


Having shown, in the context of curves, that rates of change of basis vectors can 
provide geometric information, Sections 5-8 generalize the idea. Instead of just 
considering bases attached to curves, we consider a set of three vector fields provid- 
ing an orthonormal basis at each point of E?. Such a set of vector fields is a frame 
field. We go on to show how the rate of change of a frame field may be expressed in 
terms of the frame field itself by using the notion of a 1-form introduced in Part I. 
Frenet-like formulas appear here, too. These ideas will not be fully exploited until 
we come to study surfaces. 


Section 9 provides the usual end-of-chapter summary. 


Study advice 


The following represents a possible plan for study weeks. 
Week 1 O’Neill, Chapter II, Sections 1-2 and TMA 01. 
Week 2 O’Neill, Chapter II, Sections 3-5. 
Week 3 O’Neill, Chapter II, Sections 6-8. 


This plan leaves two study weeks for the sections of Part III required for TMA02 
and for doing the TMA. 


Sections 5-8 contain more general ideas than do Sections 1-4, and you may find 
them rather harder going. 


The second application, to 
surfaces, begins in Part IV. 


Where it seems harmless we 

shall refer to ‘a point on the 

curve’ where we should really 
refer to ‘a point on the route 
of the curve’. 


We shall formally define 
congruence later but the 
formal definition will simply 
reflect intuition. 


1 Dot product 


Read O'Neil: Chapter II, Section 1, pages 42-48. 
a ee ee oe 


You have probably already used dot and cross products of vectors to discuss or- 
thogonality. In this section we formally transfer these ideas from vectors to tangent 
vectors. 


The section begins with a review of these products for vectors. The properties on 
page 43 are probably familiar, even if you have not consciously thought about them. 


Norm You may have used the notation |p| instead of ||p|| for norms. The double 
vertical bars for norms are used in this course, reserving single bars for the modulus 
function. 


To calculate the dot or cross product of two tangent vectors at a particular point, 
we simply do the usual calculations with their vector parts, as Definition 1.3 shows 
for dot products. 


There are alternatives to the approach in ONeill. One such approach assumes that 
angles can be defined independently and defines 


Pq = |[p|| [lal] cos 8. 


From this definition, it is fairly easy to show that 


P: q = Pig + p242 + p343. 


Definition 1.4 This is very important. We shall be studying curves by placing a 
frame at each point on the curve. 


Orthonormal expansion The second part of Theorem 1.5 shows why we con- 
centrate on frames, that is an orthonormal basis at each point. It is usually an 
effort (involving the solution of simultaneous equations) to find the coefficients in 
the expression of a vector as a linear combination of given basis vectors. For an 
orthonormal basis, the expression 


3 
v= wv -ei)ei 
i=1 


shows that the coefficients are easy to find. This process of orthonormal expansion 
will be used repeatedly both for theory and calculations. 


The language used for frames and orthogonal matrices needs to be noted carefully. If 
a basis is described as orthogonal then all you know is that the vectors are mutually 
perpendicular. If the basis consists of mutually perpendicular unit vectors, then it 
is described as orthonormal. 


However, the term ort. 
orthonormal. 


ogonal, when applied to a matriz, means that the rows are 


Transpose The notation that is used in the course for transpose may well be 
different from the one that you have used before. If tA is read as ‘the transpose of 
A’ you may find it a little easier to use and remember. 


The result 
“AA=I 


follows from direct matrix multiplication using 
ĉi ej = 655; 


you do not need to use a ‘standard theorem of linear algebra’. In fact, ‘AA = I is 
an alternative definition of orthogonality for matrices. 


The norm of p is the same as 
the distance from the origin 
of the point represented by p. 


The approach in O’Neill is 
the more usual one and p- q 
is used to define the notion of 
angle. 


Anticipating Section 5 a 
little, the vector fields that 
place a frame at each point 
form a frame field. 


As we shall see, the columns 
are also orthonormal. 


You may have used A or A* 
for the transpose of A. 


We know, from the above equation, that the inverse of an orthogonal matrix A is 
also the transpose of A: 


Arata 
Since 
AAS F=AA4, 
it follows that 
AAR. 
We can rewrite this as 
(ACA) = 1, 


which shows that the transpose of A is orthogonal and so the columns of A are 
orthonormal. 


Linearity of cross product Explicitly this means that 
v x (@1W1 + @2W2) = a1 V X W1 + av X Wo 
and 
(av + a2V2) X W=a1V) X W+a0V2 X W. 
This, like the dot product, is an example of bilinearity. 


The cross product gives, as Lemma 1.8 shows, a method of constructing a vector 
orthogonal to two given vectors. We shall use this very often to obtain the third 
member of a frame after we have found two members. More generally, having 
found two independent vectors, the cross product will enable us to construct the 
third member of a basis (though not necessarily a frame). 


The length formula for the cross product gives the sine form: 
|v x wl]? = (v -v)(w -w) — (v: w)? 
= |IvlPliwI]? — (lvli liw] cos 8)? 
= |IvIPlIwl? C — cos? 8) 
= |ivl]?ljwl]? sin? 
You may find it easier to visualize the ‘right-hand rule’, in the last paragraph of 
page 48, by thinking of a corkscrew in conjunction with the diagram at the top 
of the page. If the handle rotates from v to w then the corkscrew travels in the 
direction of v x w. 
Exercise 1.1 O'Neill, page 48, Exercise 1. 
Exercise 1.2 O'Neill, page 49, Exercise 3. 


Exercise 1.3 O'Neill, page 49, Exercise 4 (parts (a) and (d) only). You may use 
the other results to do part (d). 


Exercise 1.4 O’Neill, page 49, Exercise 5. 
Exercise 1.5 O’Neill, Page 49, Exercise 6. 


Exercise 1.6 O'Neill, page 49, Exercise 7. 
[Solutions on page 25 | 


It is possible that someone 
has produced left-handed 
corkscrews! We have only 
ever seen right-handed ones 
and it is this type that we 
suggest that you imagine. 


2 Curves 


Read O'Neil: Chapter II, Section 2, pages 51-55. 


Erratum ONeill, page 55, the displayed expression for a” should read 
a! (Se day 2) 


= (W di? ae 
This last expression is the same as (af, a, ag). 
There are two main ideas introduced in this section. The first is that any curve 
may be reparametrized so as to have unit speed. The second is that it is useful to 
consider vector fields that are defined only for points on the (route of the) curve. 


The proof that a unit-speed reparametrization of a curve can always be found 
is constructive: the proof provides a method for finding the reparametrization. 
Although we do ask that you are able to carry out this process in simple cases, we 
shall make most use of the ezistence of a unit-speed reparametrization rather than 
the actual reparametrization. 


The idea of a vector field defined only for points on a curve is quite natural if you 
consider the idea of the velocity vector of a curve. The velocity vector a/(t) is a 
tangent vector at a(t). Thus 


te a(t) a(t) 


defines a tangent vector at each point on the curve, but nowhere else. This is the 
motivation behind the definition of ‘vector field on a curve’. 


Proof of Theorem 2.1 Since the derivative of s(t) is positive, s is increasing on 
its domain and so is one-one. Hence s has an inverse. 


Note that this proof provides a technique for finding a unit-speed reparametrization 
of a curve a. The process can be broken down into stages as follows. 


(a) Find the velocity, a’, of the curve. 
(b) Find the speed, v(t) = || (Ðl. 


(c) Using a suitable ‘base point’, a(a), find the arc-length function 
t 
s(t) = f v(u) du. 
(d) Invert s to obtain t = t(s). 
(e) Find the unit-speed reparametrization ((s) = a(t(s)). 


Parallel vector fields Note that O’Neill slips in a definition of parallel vector 
field. It is defined only for vector fields on a curve but generalizes to the following. 


Definition 


A vector field on E? is parallel if the vector part of V(p) is constant. 


Straight lines There is a consequence of the proof of Lemma 2.3: the definition 
of ‘straight line’ given by O'Neill is extremely restrictive. A curve is a straight 
ine if, and only if, its velocity is non-zero and its acceleration is zero. Thus, many 
curves whose routes are straight lines, in the usual sense, are excluded from this 
definition. For example: if p and v are vectors in EÈ, with v non-zero, then 


a(t)=pt+tv, tER 
defines a straight line, whereas 


a(t)=p+t?v, tER 


does not because the acceleration is 2v and is non-zero. However, both have the 
same route. 


Exercise 2.1 This question concerns the curve defined by 
a(t) = (tcost,tsint,t), tER. 
(a) Find the velocity, speed and acceleration of a. 


(b) Show that the route of a passes through the origin and find the velocity, speed 
and acceleration at the origin. 


Exercise 2.2 O’Neill, page 55, Exercise 3. 
Exercise 2.3 O’Neill, page 55, Exercise 4. 


Exercise 2.4 O'Neill, page 56, Exercise 8. 
[Solutions on page 26 ] 


3 The Frenet formulas 


Read ovneil': Chapter Il, Section 3, pages 56-63. 


This section is the first application of the ‘method of moving frames’. We define a 
frame at each point on a curve and express the derivatives of the resulting vector 
fields in terms of the fields themselves. 


Since we are dealing here with unit-speed curves, the velocity vector (field) provides 
a ready made unit vector field on the curve. The major step in getting useful 
information about curves is in defining the other two vector fields appropriately. 
The work in this section is in three parts. 


(a) The definitions of the vector fields and functions associated with a curve (the 
Frenet apparatus of the curve). 


(b) The relationships between the derivatives of the vector fields and the fields 
themselves (the Frenet formulas). 


(c) Examples of the use of the Frenet formulas. 
The Frenet apparatus and formulas The treatment in O'Neill has the defi- 
nitions, results and proofs interwoven. There follows a summary of the essential 


points with the definitions, results and proofs separated. You may find this sum- 
mary rather easier to use later on, for revision. 


Definitions For a unit-speed curve 
ß:I— R, [an interval in R, 


with non-vanishing acceleration, we define the Frenet apparatus of 2 to be T, x, 
N, B and r, where 
T = B' is the unit tangent vector field, 


« =||T"|| is the curvature, 
A 
N = — is the unit normal vector field, 
k 


B =T x N is the unit binormal vector field, 


T= —B' - N is the torsion. 


This interweaving is 
reasonable from the teaching 
point of view but may make 
revision harder, hence our 
summary. 


Note: The definition of r differs slightly from that in O’Neill; this is because 
the definition in O’Weill is inextricably bound up with the proofs of the formulas. 
Separating the definitions out requires the above. You will find that O’Neill makes 
reference to this definition of 7 a little later on. 


Frenet formulas With the assumptions and definitions as above 


T =N 
N'=-«T+7B 
B= nN 


Note: You may care to remember these formulas in the following ‘matrix’ form. 


, 


T 0 KD F 
N | =| = 0 +r N 
B 0 =r 0 B 


This form has the advantage of clearly showing the patterns in the coefficients; it 
also has strong similarities to a generalization of the Frenet formulas that will be 
discussed in Section 7. 


Proofs If you re-read the proofs in O’Neill carefully, you will see that they hinge 
on repeated use of two ideas: orthonormal expansion and the Leibniz property of 
differentiation. Specifically, we shall want to express a vector field, Y say, on 3 as 


Y =(Y-T)T+(Y -N)N + (Y -B)B. This uses orthonormal 
We shall also want to use tiia 
Yy Hy’ gr This is the Leibniz property. 


for vector fields Y and Z on £. 


Before we can use orthonormal expansion, we must be sure that T, N and B are 
orthonormal at each point. To do so we use the definitions of the Frenet apparatus. 
This is essentially the content of Lemma 3.1. We gather the scattered elements of 
the proof together here. 


Proof of Lemma 3.1 Since @ is unit speed, we have 
ITI = (IP= 1. 


Consider the consequences of the definitions of N and «x: 


uo 
INI] = Wr" (definition of N) 
K 
IIT” bz 
ad definition of x 
imi‘ ) 
= ily 


Because T -T = 1, we have 
T'-T+T-T'=0 (Leibniz) 
S27 i= 0 
ST-T =P, 
But now it follows that 
g” 
T-N=T.—=0. 
K 
Thus T and N are unit length and orthogonal at each point of 2. 
Finally, 
B=TxKN 


is, by definition of cross product, orthogonal to T and N. Also, since T and N are 
orthogonal, 


= N. 
IBI = IITIN] sin 5 = 1. 


This completes the proof that T, N and B form an orthonormal basis at each point 


of 2. 


Note how we needed to know that T and N were orthogonal unit vectors before we 
could deduce that 


BSTN 
was a unit vector. 


With Lemma 3.1 and the definitions of the Frenet apparatus, we can actually prove 
all three of the Frenet formulas using orthonormal expansion. If we write out the 
orthonormal expansions of T", N’ and B’, we obtain 


T = (T' -T)T + (T' - N)N + (T' - B)B 
N'=(N'-T)T+(N’-N)N + (N' - B)B 
B' = (B' -T)T + (B' - N)N + (B' - B)B. 
The definition 
7 
yat 
K 
shows that the first expansion reduces to 


T' =«KN, 

and so we can deduce that 
T'-T=0 

(which we have shown independently) and that 
T’-B=0. 


To prove the other two formulas, we must calculate the coefficients; it is here that 
we again use the Leibniz property. 


We have already differentiated T - T = 1 to show that 
T T= 0. 
A similar argument shows that 
N'-N=0 and B'-B=0. 
Next we tackle N’ - T. We have 
N-T=0 
>N'.T+N-T'=0 
=>N'.T=-N.T' 
=>N'.T=-N-KN=-kN-N k. 


A similar argument, starting from N - B = 0, shows that 

N' -B= -B' -N = —(—r)=r (using the definition of T). 
Finally, starting from B - T = 0 gives 

B’.T=-B-T'=-0=0. 


Assembling all this information gives 


1 


T 0 k0 P 
N]=[-« Of N 
B 0 =r 0 B 
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If we denote the above matrix of coefficients by 
F= (fij), i7=1,2,8, 

then the entries f;; have the property 
fji=—-fij, 1,7 =1,2,3. 

We can express this in terms of the transpose as 
tF = —F. 


This ‘skew-symmetry’ arises from one property of the geometry and one of the 
calculus. The geometric property is that T, N and B are a frame (orthonormal 
basis) at each point of £. 


The Leibniz property is then applied to 
Y -Z = constant 
to give 
Y'.-Z=-Y.Z' 
with Y and Z replaced by all possible choices of T, N and B. 


It may well occur to you that any similar situation involving derivatives of frames 
will give rise to similar skew-symmetry amongst the coefficients. You would be 
correct; we shall consider one other such case in Section 7. 


Finding Frenet apparatus The definitions of the Frenet apparatus are construc- 
tive. That is, they can be used to find the apparatus of a given unit-speed curve 
with non-vanishing acceleration. O’Neill has a worked example in Example 3.3 
(pages 58-59). In this example 7 could as easily be calculated from 


r=-B'.N 
as by comparison of B’ and N. 


Curves in E? We have set you one exercise on curves in E’. The situation for 
curves in E? is somewhat simpler than for curves in E? and the definition of « 
is a little different. We shall not consider such curves further, although we shall 
consider curves in E? which happen to lie in a plane. 


Interpretation of Frenet apparatus The vector (field) T on a curve is, by def- 
inition, bound up with the geometric notion of ‘tangent’. The other items in the 
Frenet apparatus also have geometric interpretations. 


The normal, N, is in the direction of the rate of change of the tangent, by virtue of 
T =«KN. 


Firstly, this shows that the tangent is ‘turning’ towards N. If we were to approxi- 
mate the curve by a circle near some point, then N would point towards the centre 
of the circle, that is, towards the concave side of the curve. 


Secondly, this formula also shows that x measures the magnitude of the rate of 
turning of the tangent. The rate at which the tangent turns is, intuitively, a sensible 
way of measuring ‘curvature’. This is why « is defined to be the curvature function. 


What is not so obvious, but can be shown in various ways, is that the ‘best approx- 
imation’ to a curve near a(t) by a circle is the circle which has the same tangent 
to the curve at the point, lies in the T-N plane and has radius 1/k. 


Intuitively, if you want a plane approximation to the curve near some point, then the 
T-N plane is where you will have to look. Since B is, by definition, perpendicular 
to this plane, the rate of change of B will measure how the plane approximation 
varies from point to point. It is not surprising, therefore, that Corollary 3.5 shows 
that r= 0, which is equivalent to B’ = 0, is the correct condition for detecting 
curves which always lie in a plane. 


We know, from O’Neill, 


Corollary 3.5, that r= 0 for 


a plane curve. 
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Exercise 3.1 O’Neill, page 63, Exercise 1. 
Exercise 3.2 O'Neill, page 63, Exercise 2. 
Exercise 3.3 O’Neill, page 64, Exercise 5. 
Exercise 3.4 O'Neill, page 64, Exercise 6. 


Exercise 3.5 O’Neill, page 65, Exercise 8. (See comment above about curves in 
the plane.) 


[Solutions on page 27] 


4 Arbitrary-speed curves 


Read Oneill: Chapter ll, Section 4, pages 66-74. 


This section extends the Frenet formulas to arbitrary speed curves. This is an 
important extension for practical computational reasons. Although a unit-speed 
reparametrization always exists (for the curves that we consider), actually finding 
it is often impractical. 


The work in this section falls into three parts. 


(a) The definition of the Frenet apparatus for (regular) curves in general and the 
consequent versions of the Frenet formulas. 


(b) Obtaining practical computational formulas for the Frenet apparatus of such 
curves. 


(c) Examples of the use of the formulas. 


General Frenet apparatus The definitions say very much what one might expect: 
at any point the Frenet apparatus is defined to be the Frenet apparatus of the unit- 
speed reparametrization at the corresponding point. It is common to include the 
speed v when discussing the Frenet apparatus. 


General Frenet formulas Equally, the appearance of the speed 

s'(t) = v(t) 
is predictable, given the central role that the chain rule plays when considering the 
effect of ‘change of variable’ on derivatives. The ‘correction factor’ that appears 
when changing variable from s to t is precisely s'(t) = v(t). If we have a function 
F defined on the curve, then 


dF dF, dF 
a = ase (t) = Tl): 


Once again, you may find the formulas more memorable in matrix form. 
+ 


IN 0 kv 0 T 
N]=|[-«v 0 w N 
B 0 -w 0 B 


In theory, the general Frenet formulas would enable the Frenet apparatus of a curve 
such as 


a(t)=(¢,t7,8), tER 


to be calculated. However, the calculations would still be very messy, as the fol- 
lowing might indicate. 
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It would not be possible to 
find the unit-speed 
parametrization for this 
curve in explicit form, as you 
might like to check by 
experiment. The resulting 
integral for s cannot be 
expressed in terms of 
‘elementary functions’. 


First, we could find the velocity, 
a' (t) = (1, 2t, 3¢?). 
From this we get 
v(t) = VI + 402 + 904, 
Hence, using a! = vT, 
1 
jaa 2t, 3t”). 


Differentiating this expression for T in order to find N from 


T' = KuN 


is rather unpleasant! 


The next step in O’Neill is to provide formulas for the Frenet apparatus in terms 
of æ and its first three derivatives. 


Computational results The formulas provided by Theorem 4.3 get round the 
problem indicated above. 


The method of proof is typical of all uses of the Frenet formulas: differentiate and 
then use the Frenet formulas to replace derivatives of the frame vectors by combi- 
nations of the vectors themselves. Note that the differentiations usually involve use 
of the Leibniz property in one or other of its manifestations. 


Special curves At this point O’Neill introduces two special classes of curves: Note that we adopt the 
spherical images and cylindrical helices. ‘classic’ plural of helix: 

helices, in spite of using the 
The spherical image of a curve is defined by ignoring the point of application of T non-classical plural 


‘transferring T' to the origin’ as O’Neill puts it. Thus, the coordinate functions of ‘formulas’! 
T are used to define the spherical image curve. 


You have already met the circular helix which is a special case of the cylindrical 
helix. Note that, as Fig. 2.19 shows, the ‘cylinder’ in ‘cylindrical helix’ should not 
be taken to imply ‘circular cylinder’. The cross-section curve can be any plane 
curve. 


Exercise 4.1 O'Neill, page 74, Exercise (a). 

Exercise 4.2 O’Neill, page 74, Exercise 2. 

Exercise 4.3 O'Neill, page 74, Exercise 3(a). 

Exercise 4.4 O’Neill, page 74, Exercise 6. (Hint: Use the Frenet formulas and 
the fact that the speed is constant to express the derivatives of œ in terms of the 
Frenet apparatus. Then adapt the proof of Lemma 4.2.) 


Exercise 4.5 O’Neill, pages 74-5, Exercise 8. 


Exercise 4.6 O'Neill, page 75, Exercise 10. (Hint: A circular helix is a cylindrical 
helix whose cross-section curve is a circle.) 


Exercise 4.7 O'Neill, page 75, Exercise 11. 


Note: Use the results obtained in O’Neill for o’, o and Ko and just calculate rg. 


Exercise 4.8 O’Neill, page 76, Exercise 12(a). 
[Solutions on page 29] 
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5 Covariant derivatives 


Read ovneit!: Chapter Il, Section 5, pages 77-80. 


Errata 
1 On page 80, Exercise 1, the second line: 


for ‘Compute Vy....’ read ‘Compute Wyse ote” 
2 On page 80, Exercise 5, the second sentence would probably read better as 


‘Thus VW is the ...’. | | 


We now pause in our study of curves to begin the generalization of the method 
of moving frames. With a curve, the three vector fields T, N and B that pro- 
vide the Frenet frame are functions of the single variable used to define the curve. 
The derivatives of the Frenet frame are, therefore, just the ordinary derivatives of 
elementary calculus. On a curve there is only one way to go: along the curve. 


In general, there will be the possibility of moving in various directions from a given 
point so we need the concept of a directional derivative for vector fields. The idea of 
covariant derivative provides what we need. It is the direct analogue for vector 
fields of the directional derivative for functions from E? to R.. 


The covariant derivative Vy, W measures the initial rate of change of the value of 
W, as you set off from p with velocity v. Because values of W are tangent vectors, 
Vy, W is a tangent vector based at p. 


Lemma 5.2 This is useful as it relates the new form of derivative to one that 
you have already met: the directional derivative of a function. Paraphrasing: to 
differentiate a vector field, differentiate the coordinate functions; exactly what you 
are used to doing with the Frenet vector fields. 


Theorem 5.3 You should be expecting this sort of result to appear after each 
definition of a new form of derivative: it states that the new derivative has appro- 
priate linearity and Leibniz properties. Parts (3) and (4) are not, perhaps, what you 
might write down immediately if asked to produce Leibniz properties for Vy, W. 
However, they are actually inevitable! 


For example, consider part (3). To differentiate the product fY with respect to 
Vp, we have to differentiate each of f and Y with respect to Vp. Since f is a 
function, its derivative will be vp[f]. The derivative of Y will be Vv W. Finally, 
if we remember that the end result must be a tangent vector based at p, we know 
that Y in the first term and f in the second must be evaluated at P- 


To understand that last point, consider a ‘first guess’: 
vpl f] Y + £Vv, Y. 


This is entirely reasonable except that it gives a result of the wrong sort. Actu- 
ally, the first term is a vector field and the second is undefined (being a function 
multiplied by a tangent vector). 


Examples It is instructive to consider three special cases of covariant derivatives, 
those with respect to U;(p) etc. 


First we calculate 
Va,0,0), W, 
for an arbitrary vector field W with coordinate functions w1, w2 and w3. 


Applying Lemma 5.2 gives 


Va,0,0) W = (1,0, 0)plw:]U1 (pP) + (1,0, 0)plw2]U2(P) + (1, 0, 0)p[ws]Us(p). 
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This generalization will take 
up Sections 5-8, we shall 
return to curves in Part III. 


Warning: this first guess is 
incorrect! 


However, we know from Chapter I that. 


(1,0, pfu) = ip. 


Thus, 


a a ð 
Vi1,0,0),W = ( i (p), <2(p (0)) : 
P 


Paraphrasing: to differentiate with respect to U, (p), partially differentiate with 
respect to x (and evaluate at p). 


It seems entirely reasonable that directional differentiation (with unit speed) in the 
z-direction should reduce to 0/dz. 


Similar calculations show that 


Voo), W = 2(p), i 
(0,1,0)p ( By P Dy P Oy w) 
Ow. 
Voan W = (Fe), o), 2) 
P 
You might like to note that these results are entirely consistent with the results 


(1,0, 0)p(f1 = £p) 


etc., that we obtained earlier. 


Extension to vector fields O'Neill follows the usual pattern next by extending 
the definition of covariant derivative to allow differentiation with respect to a vector 
field. The method of extension is exactly the same as for directional derivatives. 


The definition is essentially that of a composite function: 
WW : p — V(p) — Vvip) W. 


At each point, differentiate W with respect to the tangent vector provided by V. 
This gives a function producing a tangent vector at each point, that is a vector 
field. Thus the covariant derivative of a vector field with respect to a vector field is 
also a vector field. 


Because of this last remark, the results in Corollary 5.4 are exactly what a ‘first 
guess’ might well produce. (Compare the remarks about Theorem 5.3 made above.) 


Examples The three special cases discussed above yield much less involved for- 
mulas when extended to differentiation with respect to the natural frame field. 


For example, Vy, W is, by definition, 
Vu, W : p — Ui (p) — Va,o,0)p W. 

Using what we obtained above gives 

ðw ðw dw 
= FU + = + = 

Ou Ou Ou 
In other words: to differentiate with respect to U,, partially differentiate with 
respect to a. 


Vu, W U3. 


Similarly, 
_ Ow, , Owe Ows 
Vu,W ay Ui t Oy U2 dy Us 
_ Ow, Owe 0w3 
Vu, W Jz Ui + Jz Uz + T) U3. 


Calculation techniques To calculate a given covariant derivative, repeated ap- 
plication of linearity will reduce the problem to derivatives with respect to the 
natural frame field. These derivatives can then be found by straightforward partial 
differentiation. 


All definitions based on the 
pointwise principle are, 
effectively, composite 
function definitions. 


Note that these results 
correspond exactly to 


Ui [f] = Of /Oz etc. 
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An extension The definition of the covariant derivative Vy, W given in this sec- 
tion is fine when the vector field W is defined on the whole of a region of E? 
surrounding the point p because we can be sure that W(p + tv) is actually defined 
near p. However, we shall want to apply these ideas on surfaces, where the vector 
fields being differentiated are defined only for points on the surface. The line p + tv 
will probably leave the surface immediately you move away from p, so we need an 
alternative definition of covariant derivative. 


The basis of the alternative definition is contained in Exercise 6, page 81 of O’Neill. 
However, the idea is important enough for us to want to look at it now, rather than 
leaving it as an exercise. 


Suppose that we have a curve 
a:t a(t), tel, 


and a vector field W that is defined in a region that includes the route of a. Then 
we can form the composite 


W (a) : t — W(a(t)). 


This composite has an ordinary derivative at t, namely (W(a))'(t), which is a 
tangent vector at a(t). 


We can also covariantly differentiate W with respect to the tangent a(t) at a(t). 
This will also be a tangent vector based at a(t). It is reasonable to ask how these 
two derivatives are related. The answer is that they are exactly the same: 


Væ) W = (W(a(t))). 


The proof involves applying O’Neill, Chapter I, Lemma 4.6 three times, once to 
each of the coordinate functions of W. 


It is less important to understand all the details of the proof than to appreciate 
the result and its consequences. Suppose that we have a curve a with the following 
properties: 


a(0)=p, a'(0) =v. 
Now apply the above result at t = 0: 
Vv, W = Vaio) W 


= (W(a(t)))’ (0). 
Let us look at what this says a little more carefully. If we define 
At) = p + ty, 


then the definition of covariant derivative becomes 
Ven W = (W(AL)))'(0)- 

Now, it is fairly clear that 
p(0)=p and #(0)=Vv. 


What we now know is that the straight line @ can be replaced by any curve which 
goes through the point p with velocity v, that is any curve æ such that 


a(0)=p, a(0)=v. 


When we come to deal with surfaces, this result will become the definition of 
covariant derivative. 


Exercise 5.1 O'Neill, page 80, Exercise 1. 
Exercise 5.2 O’Neill, page 80, Exercise 2 (parts (a), (c) and (e) only). 
Exercise 5.3 O’Neill, page 80, Exercise 4. 


Exercise 5.4 O’Neill, page 80, Exercise 5. €< 
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This lemma is the 
corresponding result to 
O’Neill, Chapter I, 4.6 for 
directional derivatives of 
functions. 


Exercise 5.5 Let the curve a and the vector field W be defined by 
a(t) = (1+sint,3—sint,t? + 2¢- 1), 


W = 27U, + yo. 
Show that 

a(0) =(1,3,-1) and a’(0) = (1,—1,2). 
Calculate 

W(a(t)) 


and hence find 
Va,- 1,2)a,3,-1) W. 
Compare your answer with the one you gave for the first exercise in this set. 


[Solutions on page 32] 


6 Frame fields 


m 
Read o'ei: Chapter Il, Section 6, pages 81-84. 
—_————__ 


In the last section we discussed the notion of derivative, the covariant derivative, 
that we require for generalizing the Frenet formulas. In this section we formally 
define a frame field. 


The definition was anticipated when we referred to U,, U> and U3 as the natural 
frame field. The U; provide an orthonormal basis at each point of E°. 


The preamble to Definition 6.1 and the definition itself formalize the idea of a set 
of vector fields providing an orthonormal basis at each point. 


Examples We strongly recommend that you construct your own versions of Fig- 
ures 2.21-2.23 of O'Neill; it is always difficult to follow someone else’s sketches of 
three-dimensional arrangements. 


Lemma 6.3 What O’Neill means by ‘immediate consequence’ is the following. 


If p € E®, then V(p) can be expressed in terms of the E;(p) by orthonormal ex- 
pansion: 


V(p) = (V(p) - Ei(p))£1(p) + (V(p) - E2(p))E2(p) + (V (p) - Es(p))Es(p). 


By invoking the pointwise principle, we obtain the ‘functional’ form of the above: 
V=(V-E))E, + (V ; E2)E2 + (V - Es) Es. 

The expressions V - E; define the coordinate functions fi of V with respect to the 

frame field E;. 

Exercise 6.1 O'Neill, page 84, Exercise 1. 


Note: This result is, in theory, quite useful. It gives a method of starting with 
two vector fields that are merely linearly independent and converting them into 
orthogonal unit vector fields. (The third member of a frame is then generated using 
the cross product.) In practice we shall use this technique only on one occasion, in 
connection with surfaces. 


Exercise 6.2 O'Neill, page 84, Exercise 2, for the cylindrical frame field only. 


[Solutions on page 32] 


The basis that M203 refers 
to as the standard basis. 


7 Connection forms 


Read o'neil: Chapter Il, Section 7, pages 85-90. 


We now come to the main idea of Sections 5-8: expressing the derivatives of an 
arbitrary frame field in terms of the frame field itself. We want an analogue of the 


Frenet formulas: 
1 


T 0 Q Hf 
N|=|-« Or N 
B 0 =r 0 B 
We are looking, informally, for something that looks like 
Ey Ey 
(derivative of) | E> | = (suitable matrix) | Eo 
E3 E3 


We know what sort of derivative we must use: the covariant derivative. Thus we 
aim to express the three covariant derivatives 


in terms of Ei (p), E2(p), E3(p). 


The preamble to Lemma 7.1 has these ideas written out in full. In matrix form the 
equations become 


Vv, Et C11 C12 C13 Ex(p) 
VW,H2 | = | c21 c22 c23 Ex(p) 
Vv, E3 C31 €32 C33 E3(p) 


In any particular case the coefficients cj; can be calculated by the usual methods of 
orthonormal expansion. However, we shall develop a general method of calculating 
them from information about the frame field E;, i = 1,2,3. 


Lemma 7.1 Since the coefficients cij above are real numbers which depend on the 
tangent vector being used to differentiate the frame field, it is inevitable that the 
functions 


Vp t—> Cij(Vp) 


will turn out to be 1-forms. Indeed, anticipation of this result was one of the main 
reasons for introducing 1-forms. 


The proof of the lemma uses only the linearity properties of covariant differentiation. 


The other main property of covariant differentiation, the Leibniz property, also has 
consequences for the coefficients. Just as with the Frenet formulas, the matrix of 
coefficients is skew-symmetric. 


We can summarize the results of Lemma 7.1 and Theorem 7.2 in matrix form as 


Ey 0 wie wis Ey 
Vy | Ea | = | —wi2 0 wz | (V) | E 
Ez —wi3 —w23 0 E3 


in which form the analogy with the Frenet formulas is fairly clear. 


Note that, just as with the Frenet formulas, the proofs used orthonormal expansion, 
the frame properties and the Leibniz property of differentiation. Not only do the 
results look similar, so do the methods of obtaining them. The Leibniz property 
gives rise to the skew-symmetry and, hence, to the zeros down the main diagonal. 
The other zeros that appeared in the Frenet matrix were due to the very special 
way in which the Frenet frame T, N, B was chosen. 
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Calculating connection forms In any particular example of frame fields, the 
frame will often be given in terms of the natural frame field. O’Neill now shows 
how to calculate the connection forms directly, if you are given the coefficients 
expressing a frame field E;, i= 1, 2,3, in terms of the natural frame field. 


The proof of Theorem 7.3 applies the definition of covariant derivative and some 
of the lemmas proved earlier. The method of proof is interesting but much less 
important than the result. Once again, the matrix form is probably the more 
memorable: 


w= dA*A. 
The Frenet formulas Rather than leave you to deduce the Frenet formulas from 


the connection equations (page 91, Exercise 8 of ONeill), we present here one way 
of doing the deduction. 


Suppose that we have a unit-speed curve 
a:s+—+a(s), 


and a frame field whose restriction to the curve gives the Frenet frame. That is, 
specifically, £1, E2 and F3 is a frame field and The frame field is defined on 
Ela) =T, enough of E? to include all of 


the route of a. 
Exa) = N, 
E3(a) = B. 


Now we need the link between differentiation with respect to s and covariant deriva- This is differentiation ‘along 
tives. The link is provided by the result we proved earlier: the curve’. 


Væ V = (V(a))’. 
We have 
T'(s) = (E1 (a(s)))' 
= Vv Ei. 
But we know that 
a =T, 
so, doing similar calculations for N’ and B’, we have 
T' = VrT, 
N' = VrN, 
B' = VrB. 


Now we can compare the results given by the definitions of the Frenet apparatus 
with the expressions for the covariant derivatives from the connection equations. 


From the connection equations, 
VrT = wu (T)T + w12(T) N + wi3(T) B. 
We know that wi; = 0 for any frame field and the definitions of x and N imply that 


T =KN. 
Thus 

wi2(T) =k, 

w13(T) = 0. 


Note that the immediate consequences of the skew-symmetry of the connection 
equations are that 


w3i(T) = —wi3(T) = 0, 
woi(T) = —wi2(T) = =x. 
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The remaining independent connection form is w23. We can find this by considering 
B’ and the definition of r as —B’ - N: 


B' = VrB 
= w31ı(T)T + ws2(T) N + w33(T) B 
=0-—7N +0. 
Thus 
w3i(T) =0, w3(T) = =r. 
Hence 


wo3(T) = —w32(T) = -(-7) =r. 


Reasonably enough, the connection forms are known only on the curve. Summa- 
rizing, we have 


w12(T) = k, wi3(T) = 0, wo3(T) = T. 


Note that there is no point in even asking questions about expressions such as 
VnT etc. This is because moving in the N-direction from a point on the curve 


immediately takes you off the curve to where T is undefined. This situation will appear 
again when we consider 
Exercise 7.1 O'Neill, page 90, Exercise 1. surfaces. 


Exercise 7.2 O'Neill, page 90, Exercise 2. 
Exercise 7.3 O'Neill, page 90, Exercise 3. 
Exercise 7.4 O'Neill, page 91, Exercise 4. 
Exercise 7.5 O'Neill, page 91, Exercise 5. (Hint: Try applying the appropriate 


version of the Leibniz property to each of the terms JiE:.) 


[Solutions on page 33] 


8 The structural equations 


TT sss 


Read O'neill: Chapter Il, Section 8, pages 91-95. 
ee eS e 


The work in this section is placed here for the sake of completeness. It will not 
actually be put to use until well into our study of surfaces. However, logically it 
belongs with the previous discussion of frame fields. 


What we are going to do is to generalize the relationship between the natural frame 
field U1, U2, U3 and the 1-forms dz, dy, dz. 


We know, from O’Neill, Chapter I, that the 1-forms dz, dy and dz pick out the 
coordinates of a tangent vector, that is if 


Vp = v1U1 (p) + v2U2(p) + v3U3(p), 
then 


dz(vp)= v1, dy(vp) = v, dz(vp) = v3. 
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Definition 8.1 This is, effectively, the generalization referred to above. Because 
the E,(p) form a frame at p, we can use orthonormal expansion to give 


Vp = (Vp: Fi(p))£1(P) + (vp - £2(p)) £2(p) + (vp - Es(p)) Es(p). 
Thus 
9i(vp) = Vp: Ei(p) 


is the ith coordinate of the vector part of Vp. Thus 0; does indeed pick out the 
E,-component of vp. 


Note that O’Neill slips quietly into applying the dual 1-forms to vector fields, 
rather than tangent vectors, without any comment. What he is doing is to apply 
the pointwise principle to define 


6:(V):p— V(p) - E:(p). 
This can be stated more succinctly as 
6(V)=V-E;. 
Suppose that we have a vector field on E° defined in terms of the E; by 
V = fE + f2E2 + fs E3, 
where the f;, i = 1,2,3 are functions on E°. Then, from the above and the prop- 
erties of a frame field, we have 
6(V)=V-E; 
= (fiFi + foE2 + fs E3) - Ei 
= fi. 
Thus, just as 0; picks out the E;-component of a tangent vector, 6; picks out the 
£;-coordinate function of a vector field. 
A consequence of the definition of the dual 1-forms is that 
6;(E;) = Ej E; = 6;;. 


Once we know the effect of a 1-form on a frame field, it is uniquely determined, by 
linearity (see Lemma 8.2 below). Thus, the dual 1-forms are completely determined 
by the relationships 


;(£;) = Ej r E; = 653. 


This relationship, between a frame field and the dual 1-forms, is the easiest to use 


if you are asked to check that given 1-forms actually are the duals of a given frame 
field. 


Lemma 8.2 This is the generalization of the result from O’Neill, Chapter I, that 
any 1-form can be expressed uniquely as a linear combination of dz, dy and dz. 
The lemma also provides a way of calculating the coefficients: evaluate the given 
1-form on the frame field members. 


Next, O’Neill shows how the dual 1-forms for a frame field are related to the 
‘standard’ 1-forms dz, dy and dz. The relationship turns out to be exactly the 
same as between the frame field and the ‘standard’ frame field, that is, the natural 
frame field. The same attitude matrix does for both. 


If the large number of summation signs confuses you, try writing out some of the 
expressions in full. For example, in the proof that 


0, dz 
02 |} =A dy |, 
63 dz 


where A is the attitude matrix for the frame, a crucial step is the following. 
9;(U;) = U}; - E; 
= Uj - (ai U1 + ai2U2 + ai3U3) 


= ij. 


This consequence could, in 
fact, be taken as the 
definition of the dual 
1-forms. 
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We have used the fact that U; - Uj = 6;;. The only term in the sum that survives 
is the one containing U; - U}. 


The structural equations The equations discovered by Cartan really are quite 
remarkable. 


The discussion above, and in O’Neill, shows that the attitude matrix A describes all 
the ‘static’ information about a frame field: the frame field itself and its associated 
dual 1-forms. What the Cartan equations say is that the connection form matrix, 
w, describes the rates of change of everything associated with a frame field: the 
covariant derivatives of the frame field, the exterior derivatives of the dual 1-forms 
and even the derivative of w itself! 


We think that it is instructive to consider proofs of the various parts of Theorem 8.3 
that make more use of matrix methods. First we consider part (1). 


In matrix form we have 


6; dz 
b2 | =A] dy 
03 dz 
and, by applying A~! to both sides, 
dz a, 
dy | = 4A [0 
dz 03 
Because A is orthogonal, A~! = tA so 
dx a, 
dy | ='4 | 05 
dz 63 
Differentiating the original expression for the dual 1-forms, 
dO; dz 
dé, | =dA| dy 
dé dz 
6; 
=dA'A| 05 
b3 
A, 
=w | b 
b3 


With care we can give an even more concise matrix proof of part (2). We start 
from 


w= dA'ta. 
Applying the Leibniz property for exterior derivatives (ONeill, Chapter I) we get 
dw = d(dA*A) 
= d(dA)'A — dA d(*A) 
=0— dA (dA). 
To complete the proof the trick is to insert the identity matrix in the form 
I=A™A=*AA. 
This gives 
dw = —(dA) (‘A A) ‘dA 
= —(dA'A)(A ‘dA) 
= -w «dA tA) 
= -ww 


=ww. (Skew-symmetry of w, i.e. w = —w.) 
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The attitude matrix gives the 
new frame and new 1-forms 
in terms of the ‘standard’ 
ones. 


It is tedious, but not difficult, 
to show that the property 
also applies to matrices. You 
just have to consider the 
elements of the matrices. 


Note that (AB) = ‘B'A for 
any appropriately sized 
matrices A and B. 


The family resemblance between the results that we have obtained in this section 
is all the more striking if they are all expressed in matrix form. 


Ey Ui 
E] =A U], 
0, dz 
b | =A| dy], 
03 dz 
Ey Ey 

W| E | =W) | Es |, 
Es E3 
bı 0 

d| 0 | =w] 62], 
b3 b3 

dw = ww 


Because we shall not be using these results for some time, we have not set many 
exercises on this section. 


Since some of the exercises require you to show that two 1-forms are equal, we think 
that a reminder of how to do so is in order. 


Being functions, two 1-forms are equal if, and only if, they have the same domain 
and the same values on all tangent vectors in their domains. Because 1-forms are 
linear, all that we need to check is that they agree on a basis at each point. In 
practice this means showing that they agree on a frame field. 


To see why this is sufficient, suppose that ¢ and w are 1-forms, that E;, i = 1,2,3 
is a frame field and 


¢(E;) = Y(Ei), i= 1,2,3. 
If V is any vector field, then 
V = vE + vE + v3. 
Then 
(V) = ġ(v1 Ey + v2 E2 + v3 E3) 
= viġ( E1) + v2¢(E2) + v3ġ( E3) 
= 11Y(E1) + v24( E2) + v3Y( E3) 
=4(V). 
Thus ¢ and 4% have the same value on any vector field and are, therefore, equal as 
1-forms. 


Exercise 8.1 O'Neill, page 95, Exercise 1. 


Exercise 8.2 O'Neill, page 96, Exercise 4. 


Suggestion: The method advocated in O’Neill leads to rather long-winded cal- 
culations. We suggest that you start from the equation connecting the dual 1-forms 
and dz, dy and dz. Using z = r cos ð and y = rsinv you can express the standard 
1-forms in terms of dr, etc. 


[Solutions on page 34 ] 


Where necessary, 
multiplication should be 
interpreted as using wedge 
products. 
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9 Summary 


Read O'Neil: Chapter II, Section 9, page 96. 


The main purpose of this part has been to introduce you to the study of curves 
and the derivation of the Frenet formulas. However, the method of moving frames 
is of such general importance that we have also included the generalization of the 
Frenet approach to obtain the connection forms and Cartan’s structural equations. 


The most important computational techniques that you should be able to carry 
out are the calculation of the Frenet apparatus for unit-speed and arbitrary-speed 
curves. 


The connection and structural equations will reappear in our study of surfaces. 


For a unit-speed curve, the Frenet apparatus gives a description of the curve using 
only ideas belonging to the curve itself, rather than the description of the curve by 
three coordinate functions. The parameter s, the arc-length, belongs to the curve, 
not to where the curve is situated in E3. Similarly, the curvature « and torsion 7 
are functions of s and, in principle at least, a creature confined to the curve, and 
having no knowledge of how the curve is situated in Eĉ, could measure $, K and 7. 
Such a creature would have to have perception of more than the one dimension of 
the curve in order to conceive the vectors N and B. Even so, this knowledge need 
be ‘local’ only to its current position on the curve; it need have no perception of 
the curve as a whole. 


Nevertheless, s and the two functions « and r do give information about what the 
curve looks like to an observer who can see the curve embedded in E. 


In Part III (O’Neill, Chapter III) we show that knowledge of x and 7 as functions 


of s is enough to determine everything about a curve except its precise location in 
E’. 
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Solutions to the exercises 


Solution 1.1 
(a) Applying the definition: 


P-q=1x(-1)+2x0+4(-1)x3=-4. 


(b) We assume that the tangent vectors are at a point p. 


Using the formal determinant method: 


Ui(p) U2(p) Us(p) 
vxw= 1 2 = 
-1 0 3 
=Ui(p) k -U2(p)|_} 3 +0600) | is 4 
= (6,—2,2)p. 
(c) Since ||v|| = V6 and ||w|| = VTO, we have 
v 1 
Mm Fell), 
Woe A 
Tw vig) 


(a) Using the result of part (b), 
lv x wl| = V364444 = Vi = 


(e) If the angle is 8, we have 
vew 


VEN ENN! 
2 
wird 


Solution 1.2 
We must show that the basis is orthonormal, that is 
ei -ej = bij. 
By direct calculation 
ERI =F(14441)=1, 
1 


e1-e2 = Fe(—2 +042) =0, 
1 
CS SS Fa oe )=0, 


ee. = (44044) =1, 

hy 

v24 
$ 

exces = 7(1+1+1)=1. 


e2- e3 = —2+0+2)=0, 


na expansion N the coefficients: 


ve (6 +2- =L 
a va ) Ve 

—14 -7 
v. -id ; 
ii zí ) VB V2 
V'ez 


1 4 
= gti 


Thus, with a check: 


PERSE E 
= Ve 1 VB 2 VB 3 
= a(t, 14,7) — §(—28, 0, 28) + 4 (4, —4, 4) 
Fy (28 + 84 + 32, 56 + 0 — 32, 28 — 84 + 32) 
= (144, 24, —24) 
= (6,1, —1). 
Solution 1.3 


(a) From the definition of cross product: 


Ui(p) U:(p) U:(p) 


vxw= v v2 v3 
wi we ws 
v2 3 v2 
= Ui(p) — Ua( 
w w3 ws w 
Hence 
u:-vxw 
v U3 1 U3 vu v2 
=t = U2 u3 
wz w3 wi w3 wi wz 


V1 v2 U3 
wi w2 w3 


(b) We apply the properties of the dot product and the 
rule about interchanging rows changing the sign. 


u:vxw=vxw- u 
=-vxu-w 
=-(-uxv-w) 


=uxv-w. 


Solution 1.4 


For the first part, if v and w are linearly dependent, then 
the angle between them is 0 or m. Hence the sine of the 
angle is 0 and the length of the cross product is 0. 
Provided that neither vector is zero, each step in the 
argument is reversible and the result follows. If either is 
zero, then the vectors are automatically linearly 
dependent. 
The area property follows from 

liv x wll = Iivi [Iw] sin 8, 


which is the area of the specified parallelogram. 


Solution 1.5 


Since we are dealing with a frame, e2 x e3 is 


perpendicular to e2 and to e3 and so is a multiple of e1. 
Also 


llez x e3|| = |leall lles|| sin (7/2) 
=1, 
Thus, 
€2 X e3 = +e1 
and 
êr -ér Xes = er er = +1. 


Since the definition of orthogonal matrix is equivalent to 
saying that the rows (or columns) form a frame, the 
above shows that the determinant of such a matrix is +1. 
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Solution 1.6 
Let 
vi =(v-u)uand v2 = v = vı. 
Then 
v = vı + V2 and vı -v = v1 < V1 + V1 - Vo. 


Now, substituting for vı in the first two occurrences 
above, 


(v-u)u-v = ((v -u)u)- ((v-u)u) +v -v2 

> (v-u)? = (v-u)?u-u+vi -V2 

> (v-u)?? = (vu)? +v -v2 (u is a unit vector) 

> 0 = vi - v2. 
Thus v has an expression of the given form. 
Conversely, vı is uniquely defined by 

vı=(v-u)u, 
hence so is 


v=v-V. 


Solution 2.1 


(a) Finding the derivatives of the coordinate functions of 
@ involves repeated use of the Leibniz property. First, the 
velocity. 


a’(t) = (cost — tsin t, sin t + tcost, I) a(t) 
Note that the velocity has been given as a tangent vector 
based at a(t). Next, the speed, this is the norm of a(t). 


llæ'(t)||? = (cost — tsin t)? + (sin t + tcos iP +1 
cos? t + t? sin? t — 2tcostsin t 

+ sin? t + t? cos? t + 2tsin tcost +1 
BEd 


lell = V2 + #2. 
Finally, the acceleration. 
a” (t) = (—2sin t — tcost, 2cost — tsin t, 0)a(t)- 


Il 


so 


(b) Since a(0) = (0,0, 0), the route of the curve passes 


through the origin. At t = 0, we have the velocity given 
by 


a'(0) = (1, 0, 1)(0,0,0) 
and so the speed is V2. Finally, the acceleration is 
a" (0) = (0, 2,0),0,0,0)- 


Solution 2.2 


(a) We apply the technique outlined in the comments on 
the proof of Theorem 2.1. 


We first find the velocity and hence the speed. Here, as 
later, we shall omit the point of application of the 
velocity. 


a(t) = (sinh t, cosh t, 1). 
llo’(t)|| = sinh? t + cosh? t 4 1 
= V 2cosh?°t (using 1+ sinh? t = cosh? t) 
= V2cosh t. 
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Now 
t 
s(t) = | V2cosh udu 
o 
= V2 [sinh uls 
= V2sinh t. 


Next, we have to find t in terms of s. The method 
discussed in Part 0 yields 


t = log (je site 
= log, ae P 


However, in finding a(t(s)), we also need sinh t and cosh t 
and we can obtain these directly from 


s =vV2sinht. 
We have 
sinh t = Š 
v2 
and 


cosh? t = 1+ sinh? t 
3 
Sie 
ii 2 


_ 248? 
= ae 
V2 + 8? 


cosh t = ————. 


v2 


Hence 


Finally 
B(s) = a(t(s)) 
-( s?+2 s lo (=5=)) 
A A Be t 


Solution 2.3 


To show that the route of the curve passes through the 
specified points, we look at the first coordinate. If the 
route is to pass through (2, 1,0), it must be for t = 1. 
Checking: 


a(1) = (2,1,0). 
Similarly, 

a(2) = (4,4, log, 2). 
The velocity is given by 


a’ (t) = (2,24 3), t>0, 


and the speed by 


/ 1 

la (Dll = 4/4 + 402 + a 
1 2 
=y (+7) 


1 
=2t+-. 
tr 


Hence, the arc-length from t = 1 to t = 2 is 


2 
1 ~ pa 2 
| (20 +=) du = [u + log, u), 


=4+log,.2-1-0 
= 3 + log, 2. 


Solution 2.4 


The easiest approach to this problem is probably to use 
coordinate functions. Suppose that 


a(t) = (a1 (t), a2(t), œs (t)) 
with similar notation for £. 
The given information amounts to saying that 
ai(t) = B(t), i=1,2,3. 
Now, all the coordinate functions are simply ordinary, 
real functions. Two such functions have equal derived 


functions if, and only if, they differ by a constant. Thus, 
there must be constants c1, c2 and c3 such that 


Bt) =a;(t) +e, i= 1,2,3. 
If we define p to be the point 
P= (ci, C2, c3), 
then we have shown that 
A(t) = a(t) + p. 
This means that the route of £ is the route of œ 
translated by the vector p. 


Solution 3.1 


The easiest approach is to follow the layout of the 
definitions of the Frenet apparatus. First, though, we 
check that £ is indeed unit speed. 


B'(s) = (—£sin s, —cos s, $ sin s) 


IEI? 


38 sin? s +cos? s + z sin? s 
sin? s + cos? s 

=1. 
Thus £ is unit speed. 


Now we apply the definitions of the Frenet apparatus. 
T = B'(s) 
= (—Ė sin s, — coss, 3 sin s); 
T'= (-# cos 8, sin $, 3 cos s), 


s= IIT" 


= 4/2 2 in? = 2 
= 4/3 cos s + sin^ s + zz cos? $ 
= y cos? s + sin? s = 1; 


T' 
N=— 
K 
= (—$ cos s,sin s, 2 cos s); 
B=TxN 


The results above show that £ is a plane curve (7 = 0), 
and has constant curvature 1. Thus (the route of ) 2 is a 
circle of radius 1. 

There are a number of methods of finding the centre. 
Perhaps the most elementary is to suppose that the centre 
is p = (pi, p2, p3) and write down the equations that 
result from expressing the fact that three selected points 
on the curve are all 1 unit from p. If we take the points 


B(0) = (5,1, =$), 
B(x/2) = (0,0, 0) 


and 


then this approach yields the three equations 

(P1 — 4/5)” + (p2 — 1)? + (ps + 3/5)? = 1, 

pi +p +p =l, 

(Pi +4/5)? + (p2 — 1} + (ps — 3/5)? =1. 
Expanding the first and third equations and subtracting 
the second from both results yields 

—(8/5)pı — 2p2 + (6/5)ps + 2 = 0, 

(8/5)pı — 2p2 — (6/5)p3 + 2 = 0. 

Adding, we have 

—4p +4=0, 
and so pm = 1. 
Substituting in the second of the original equations gives 

Pi +p =0. 
Since squares are non-negative, this forces pı = pa = 0 
and so the centre is p = (0, 1,0). 
Alternatively, we can use the remark on page 62 of 
O’Neill, just after the proof of Corollary 3.5. There it 
says that the unit normal N points towards the centre. 
Thus, we can start at any point and move one unit along 
the normal. If we start at 

A(0) = (40 
and travel one unit along 

N(0) = (—#,0, 2), 
we arrive at 

(0) + N(0) = (0,1,0) 
as before. 


We can confirm that this centre is correct by considering 
B(s) — (0,1,0) = ($ cos s, — sin s, —$ cos s). 
We have 
ll2(s) — (0, 1, 0)||? = 16 cos? s + sin? s + 2 cos? s 
igr 25 25 
= cos? s +sin? s =1. 


Thus £(s) is a constant distance 1 from the point (0,1, 0). 
Thus the route is a circle, radius 1, centre (0, 1,0). 


Solution 3.2 
We proceed as in the first part of the last solution. 
1/2 _ @)1/2 
B'(s) G2 +a ni i a ) 
V2 
P? (1+8)? a-s)? ay 
z > 2 "AJ" 
IIP = FA +8) + F0-s)+ 551. 
Hence, £ is unit speed. It follows that 
T = B'(s) 
(ts? (-s)'? 1). 
2 > 2 Fai 
T = (4(+s)-/?,1(01-s)-*/7,0), 
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s= |IT'| 


=4VA +s) +(1- s) 


a1, Jaanta 
4N (1+s)(1-s) 


at B 2 
“Wieg 
1 . 
2V1 = s?’ 
, 
yat 
K 
— 2 
-yE Gate a-o); 
1 
=z (029a + s)"?,0); 
B=TxN 


ye LFE dl Se 


me sy? -s 
35 (-Fq0t9 Fp tts 


B' =} (-ha4+s)7?,-201- 
(0 +s)’, -0 - 


4v2 (1+s)(1-s 
1 2 
T Wivi- 
1 
T WMV E 
Note that, since r= «K, the ratio 

tai 
K 


is constant. As will be shown in the next section, this is 
sufficient to show that £ is a cylindrical helix. 


Solution 3.3 


We simply compute the three cross products and show 
that they give the right-hand sides of the respective 
Frenet formulas and, hence, the three derivatives. 


AxT=(7T+«B)xT 
=O0+KN 
xT"; 

AxN=(7rT+«B)xN 
= TB + k(-T) 
=N'; 

AxB=(rT+«B)xB 
=r(-N)+«0 
ad’. 
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Solution 3.4 
We write down the three requirements 
(0) = 6(0), (0) = B'(0), (0) = 8"(0) 


and see what can be deduced by use of the Frenet 
formulas. 


First, we calculate the values of y and its first two 
derivatives at 0: 


7(0) =c+re1, 
y (s) = —sin(s/r)e1 + cos(s/r)eo, 
7'(0) =e2 


7'(s) = —(1/r) cos(s/r)e1 — (1/r) cos(s/r)e2, 
7"(0) = —(1/r)er. 
Next, we do the same for the derivatives of £. 


B'(s) =T(s), 
6(0) = T(0), 
6's) =T'(s) 

= k(s)N (s), 


B” (0) = (0) N (0). 
Now we equate the various values that we have obtained. 
c+re: = £(0), 
e2 = T(0), 
—(1/r)eı = x(0)N (0). 
We are aiming to find r, e; and e2 in terms of the Frenet 
apparatus of 8. Taking norms in the third equation above 
gives 
IQ/r)| = ls(0)|, (VI = lle1]] = 1). 
Since r and « are positive, we have 
r = 1/K(0). 
The third equation also shows that e; and N(0) are unit 
vectors in opposite directions, that is, 
e = —N(0). 
The second equation shows directly that 


c = B(0) — rey 
= B(0) — (1/«(0))(-N(0)) 
= B(0) + (1/x(0))N (0). 
Thus 
(s) = B(0) + (1/*(0))(1 — cos(sr(0)))N (0) 
+ (1/«(0)) sin(s«(0))T(0). 


This shows that y lies in the T-N plane at (0), that is, 
the osculating plane at (0). 


Solution 3.5 


(a) There are two approaches suggested by what we have 
done. The first uses the same techniques as were used for 
the Frenet formulas. We express N’ using orthonormal 
expansion: 


N'=(N'-T)T +(N'-N)N. 
Now we use the fact that N and T are orthogonal unit 
vectors, together with the Leibniz property. 


N-N=1 
=>2N’-N=0 
=> N'.N=0. 


T-N=0 

=>T'-N+T-N'=0 

=>N'.T=-T'-N. 
Since 

-T'- N = -(KN)-N 

=K, 

substituting for N’ -T and N'- N in the orthonormal 
expansion gives 

N!=-«T 
as required. 


We could also tackle the problem directly. Using the 
notation in the question, and the fact that T’ = KN, we 
have 


T= (0",y") 
= «(-y',2') 
= (—Ky’, Kx’). 
Thus z” = —xy' and y” = Kz’. 
Hence 
N'=(-y",2") 
= (—K2’, —Ky’) 
=—K(2',y') 
= =T. 


(b) Note that, as O’Neill says in the footnote, ¢ is the 
angle between T and the z-axis. 


Probably the easiest way to tackle this is to express T’ 
and N in terms of ¢. Because of the definition of N, we 
have 


N = —sin ¢U, + cos ¢U2. 


Differentiating the expression given for T with respect 
to s gives 


T' = —sin ¢ ¢'(s) Ui + cos ¢¢'(s) U2. 
(We have used the chain rule here.) 
Comparing T’ and KN, gives 
k=ģ¢'. 
Intuitively, this result is reasonable. Curvature is the rate 


of turning of the tangent, which is precisely what 4! 
measures. 


Solution 4.1 


We carry out the calculations as indicated by 

Theorem 4.3. We calculate the derivatives of a, the cross 
and triple products and then use the formulas from the 
theorem. 


a(t) = (2, 2t, t°); 
a" (t) = (0, 2, 2t); 
a” (t) = (0,0, 2). 
a(t) x a” (t) = (2t?, —4t, 4), 
la’ (t) x a” (t)|] = \/4t4 + 160? + 16 
= yae FF 
=2(2+?). 
a(t) x a” (t) - a” (t) = 8. 


Hence 
v = lle) 
= VAt +4 
= VEFE 


=24+ř. 
It follows that 
= 1 ' 
T = -a'(t) 
1 
=e (2;:28)47): 
Next 
Kv? = |æ (t) x a” (è) 
Hence 
2(2 +1?) 
R= ea 
_ 2244?) 
(2+2) 
28 
~ (24 42)2" 
Now B: 
B= a' (t) x a” (t) 
lla’ (t) x a(t) || 
1 
= Ie 24,4) 
1 
= aye! 2,2). 
MEB ee 
1 
“aie (—2e(t? + 2),4—2*, 24(0? + 2)) 
ba sept? -#7 20. 
Finally, 


„2 a'(t) x aœ" (t) -a (t) 
læt) x a” (z)|? 
8 _ 2 
~ 4(2422)? ~ (24 47)?" 
Note that 7/« = 1, so that the curve is a cylindrical helix. 


Solution 4.2 
We approach this in the same way as the last question. 
a' (t) = (sinh t, cosh t, 1), 
a" (t) = (cosh t, sinh t, 0), 
a" (t) = (sinh t, cosh t, 0). 
a’ (t) x œ” (t) = (— sinh t, cosh t, sinh? t — cosh? t) 
= (— sinh t, cosh t, —1), 
(because cosh? t — sinh? t = 1); 
lla’ (t) x œ” (t)|| = Vsinh? t + cosh? t +1 
= V 2cosh? t = V2 cosh t. 
a(t) x a” (t) -a (t) = — sinh? t + cosh? t 
=1. 
v = |æ) 
= y sinh? t + cosh? t +1 
= V 2cosh? t = V2 cosh t. 
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2 he 
T= Fat) 


ei E A 


V2 cosh t 


— læ’) x ell 
a 
y VZ cosh t _ 1 


= 2/2 cosh? t ~ 2cosh? t 
B= a' (t) x a” (t) 
ECOETZOJ 


1 
= ———-(- sinh t, cosh t, ~1). 
V2cosh t 
N=BxT 
= zy (cosh t, 0, 2sinh t cosh t) 
cos 
= lls Oy sinh t). 


— X(t) x a” (t) - a(t) 
læt) x a”? 
1 


= Zcosh? t 
Once again, this is a cylindrical helix. 


To complete the question, we must find the arc-length 
function. We have 


= d 
s(t) ‘3 v(u) du 


t 
ef V2 cosh udu 
0 
= [V2 sinh ul; = V2sinh t. 


Since 
cosh? t = 1+4sinh?t=1+4 (s/V2)? =1+4s?/2, 
we have 


K=T 
5 1 
~ 2(1 + s?/2) 
Fe oh 
~~ 24 32° 
Solution 4.3 


Following the suggestion in the question, all derivatives 
are evaluated at t = 0 before calculating cross products 
etc. 


a'(t) = (cost — tsin t, sin t + tcost, Th 
a” (t) = (—2sin t — tcos t, 2cost — tsin t, 0), 
a" (t) = (—3 cost + tsin t, —3 sin t — t cos t,0). 
a'(0) = (1,0,1), 
a” (0) = (0,2,0), 
a" (t) = (—3, 0, 0). 
a'(0) x a” (0) = (—2, 0,2) 
lla’ (0) x a”(0)l| = VEF 0+4 
=2V2. 
a'(0) x œ” (0) - a” (0) = 6. 
v(0)= V1+0F1 
= V2. 
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a’(0) 
TO= 0), 
= ge 1). 
llæ’(0) x (0) _ 2V2 _ | 
»(0)° 2⁄2 
a'(0) x œ” (0) 
llæ’(0) x œ” (0) 
gO 2) 
1 
= z101). 
NaBxT 
= $(0,2,0) = (0, 1, 0). 
a'(0) x æ” (0) - a” (0) 
lla’ (0) x œ” (0)]]2 


7(0) = 


Solution 4.4 


The solution below follows the hint given. 
a'(t)=cT, 
a(t) =cT’ (c constant) 
c(ckN) (Frenet) 
KN. 
a” (t) = PKN + 7 RN! 

(we may not assume that « is constant) 
=e KN +.07«(—cxT + crB) (Frenet) 
= -Kr +eK'N + êKTB. 

The first line immediately gives the first result: 


wt 


Pas, 

c 
The expression for a” shows that it and N are in the 
same direction and so 


a! 


© fen” 
It follows that 
B=TxN 


fs a 

Pa AA 
c” Je" 
a’ x a 

= r 


By taking the norm of a” we obtain 


lla" || = cx 


and, hence, 


Now we calculate the triple product. 


a xe" =T xeKN 


=enT x N 
= kB. 
a’ xa"-a" =0 +0+4 cower. 
Since 
con? = eller 
= ella"), 


we have 
aala" 
= ctg? 
a’ xa" a 
= lla" | 


m 


Solution 4.5 


First of all we show that the route of y passes through 
a(0) and then that the tangent to y is always 
perpendicular to u. 


7(0) = a(0) — s(0) cos v u 
=a(0) 
since s(0) = 0 from the information given. 
Now 
y(t) = a(t) — s(t) cos v u, 
Y(t) =a'(t) — s'(t) cos 9 u 
= vT —vcosdu. 
7 (t)-u=vT-u—vcosdu-u 
= v cos Ñ — v cos 9 
=0. 
In the above we have used the fact that u is a constant 
unit vector, that J is constant and that T-u=cos¥. 


We have now shown that y passes through a(0) and its 
tangent is always orthogonal to u. That is sufficient to 
prove the assertion in part (a). 


We now calculate the curvature of y; as suggested we deal 
only with the case that œ is unit speed. We also make use 
of the expression for u: 


u=cosvT +sind B. 
From the above we have 
y(t) =vT — vcosð u 


=T —cosýu, (unit speed). 


lly (OI? = (T — cos du) - (T — cos du) 
=T-T—2cosvu.T +cos’ vu. u 


= 1 — cos? 9 
= sin? v. 
lh @Il = sin 9. 
y(t) =T -0 
=KN. 
V(t) x 7"(t) = (T- cos ðu) x KN 


k(T x N —cosdu x N) 

K (B — cos v(cos V T + sin 9 B) x N) 
K (Ba — cos? 9) + cos Y sin ð T) 
«sin ¥(cos 0 T + sin ® B) 


ksin Ju. 


Il 


ll 


I 


11x) x vŒ = xsin 2. 
_ksnd ok 


sin? 9 sin? J" 


Solution 4.6 
We apply the results of the previous exercise. 


First, because r/x is clearly a constant, the curve is a 
cylindrical helix. 
The cross-section curve has curvature 
K 
sin? 0 


which is, from the given information, a constant. The 
cross-section curve is, therefore, a plane curve of constant 
curvature. That is, (part of) a circle. The cylinder on 
which the curve lies has a circular cross-section and the 
curve is, therefore, a circular helix. 


Solution 4.7 


Making use of the expression derived in O’Neill for o", 
we have 


= Onn'T — PT 4 N+ 6 N' +H (xr)'B +«rB' 
= — 2KK'T = K?N +K"N +K'(-KT + 7B) 
+(K'r+KrT)B -K?N 
= — 3KK'T + (K" — K? — K)N + (2K'r+ wr’) B. 


a! x a". a!" = (K?T)(—3KK') + K? (2K'T+ K7’) 
= (sr — k'r). 
Since 
(2) - KTKT 
Ro p’ 
we have 
1 
z 
oxo a! ada (z) 
K 


=k y/1 + (r/K)? 
Thus 
a’ xo". o" 
Te x oP 
6°(r/K)! 
Kë (1+ (7/K)?) 
(r/x)" 
(1+ (r/x)?) 
Solution 4.8 


We can apply all the results obtained so far about 
spherical images. 

A unit-speed curve £ is a cylindrical helix if, and only if, 
the ratio rg/Kg is constant. Suppose that this constant is 
c and the spherical image is ø. Then, if 2 is a cylindrical 
helix, 


Ko = V14+e? 
which is constant. Further 
_ Gao 
Ka(1 +c?) 
Thus ø is a plane (r= 0) curve of constant curvature, 
that is part of a circle. 


Conversely, if the spherical image is part of a circle, then 
To =0 


and the expression for Tz shows that 


d fte\ _ 
as ag) = 


It follows that rg/Kg is constant and £ is a cylindrical 
helix. 
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Solution 5.1 


Since the question said ‘from first principles’, we apply 
Definition 5.1 directly. 


(a) We have 
WW = (W(1+t,3 — t, —1 + 22))' (0) 
= ((1 +t): (p + ty) + (3 — t)U2(p + tv)’ (0) 
= (2(1 + t)Ui (p + tv) + (-1)U2(p + tv) (0) 
= 2Ui(p)—Us(p) (= (2,-1,0)p). 
(b) In this case 
Vv pW = ((1+ t)Ui (p + tv) + (1 + t)?U2(p + tv) 
—(-1 + 2t)’Ua(p + tv)’ (0) 
= (Ui (p + tv) + 2(1 + t)U2(p + tv) 
—4(—1 + 2t)Us(p + tv)) (0) 
= Ui(p) + 2U2(p) +4Us(p) (= (1,2, 4)p). 


Solution 5.2 
The approach here is to use the linearity properties of the 


covariant derivative, together with the basic result 


a 
Vu; fU; = sty, 


(a) This is a straightforward application of both varieties 
of linearity from Corollary 5.4. 


WW = V-yuy4+20,W 
—yVu,W +2Vu,W (linearity) 
= —y(Vu,cosz Ui + Vu,sin x U2) 
+2(Vuscos 2 Ui + Vu,sin s U2) (linearity) 
= —y(-sing U, + cos s U2) + z (0+ 0) 
= y(sin z Uy — cos z U2). 


(b) Here we first apply Corollary 5.4(3) and then use the 
above result. 


Wwew = V[2?]W + 2?VyvW 
= (-yU1 + zU3)[z°] W + 2?°y(sin £U; — cos U2) 
= (-y x 0 +x x 2z)(cosxU, + sin U2) 
+z’ y(sin Uy — cos U2) 
= (2rz cosx + yz" sin); 
+ (2xzsin z — yz? cos x)Up. 


(c) We make use of the result from the first part of this 
question. 


WWW = Vvy(sin z U1 — cos x U2) 
= — yVu,y(sin Uy — cos z U2) 
+ £Vu,y(sin z U1 — cos z U2) 
= — y(y(cosx U1 + sin x Uz) + «(0 +0) 
= — y°(cos s U; + sin s Up) (= -° W). 


Solution 5.3 


Suppose that V has coordinate functions v; for i = 1, 2,3. 
That is, 


3 
V= Xo v;U;. 
i=1 
Then, by linearity, 


3 
WX = v: Vo,X. 
$=1 
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But 
Vu; X = Vu,(21U1 + 22U2 + 23U3) 
=U; 
because 
On; 
ao aby 
Ox; 7 
Hence 
$ 


Solution 5.4 
We begin by using the definition to calculate VW. 
VW =d(zy*)U; — d(2?2?°)U3 
= (y° dr +324? dy)U, — (212° dx + 22?°z dz)U3. 


Now, using the definition given and the methods of 
Chapter I, we can do the evaluations. 


(a) We have 
Yu W = (VW) (vp) 


= ((y° dx + 3xy? dy)Uy — (212? dx + 2u?z dz)Us) (Vp) 


= (8(1) + 3(-1)(4)(0)) Ui (p) 
= (2(=1)(1)(1) + 2()(-1)(-3)) Us (p) 
= 8Ui(p) — 4U3(p). 
(b) This time, the same method leads to 
VopW = 270i (p) + 12U3 (p). 


Solution 5.5 
We have 
a(0) = (1 +sin(0), 3 — sin(0), —1) 
= (1,3, -1) 
a’ (t) = (cos t, — cos t, 2t + 2). 
a’(0) = (1, —1,2) 


W(a(t)) = (1 + sin t)°U;(a(t)) + (3 — sin t)U2(a(t)). 
So 
Va,-1,2a,3,-1) W = (W (a(t)))'(0) 
= (2cos t(1 + sin t)U; (a(t)) 
— cos tU2(a(t)))(0) 
= 20, (1,3, —1) — U2(1, 3, -1). 
This is exactly the same result as we obtained in the first 


solution of this set. Since, using the notation from that 
solution, 


a(0) =p 
a'(0)=v 
this is to be expected. 


Solution 6.1 


Since we are given the alleged frame, all we have to do is 
check that 
E - Ej hij 
vv _ VIP 
Bnr s = fe 1, 
, VIP vie 
A similar calculation shows that Ez - E2 = 1. 


Now we show that the vector fields E} and E> are 
orthogonal. 


E, -(W —(W- E:)E1) 


E,-E,= 5 
IW] 
_ (W-E\)—(W-E,)(E. - E) 
II) 
_ (W-Ei)-(W-E\) x1 
IWI 
=0. 


Since Fy and Ez are orthogonal unit vector fields, their 
cross product Es is orthogonal to both of them and 


||E3|| = 1 x 1 x sin(x/2) = 1. 


This completes the proof that the given fields form a 
frame field. 


Solution 6.2 


We apply Lemma 6.3, that is orthonormal expansion. We 
repeatedly use the fact that 


U; Uj = bij 
(a) Here 
U,- Ey = U; - (cos ð U, + sin V U2) 
= cos ð, 
Uy - Ey = Uy - (— sin V U, + cos V U2) 
= — sin f, 
U,- E3 =U, - U3 
=0. 
U; = cos v E; — sind Eo. 
(b) We can save quite a bit of effort by noting that the 
first two terms are just £1, so the given vector field is 
E + Es. 
Direct calculation of dot products gives exactly the same 
result, using sin? 9 + cos? V = 1. 
(c) Orthonormal expansion gives 
(2 Uy + yU2 + 2U3)- Ey = xcos0 + ysin ð 
= rcos? ð +rsin? ð 
=r, 
(2 Ui + yU2 + zU3)- Ez = —r sin V + y cos Ý 
= r cos sin V + r sin V cos V 
=0, 
(2 Uy +y U2 + 2U3)- Es = z. 
Hence 
2U,+yU2+2U3) = rE, + zE. 


Solution 7.1 


The easiest way of tackling such a question is probably to 
work with the attitude matrix A, say. We can check that 
we have a frame by showing that 

A'A =I, 
and then use Theorem 7.3 to calculate the connection 
forms. 


Here 


sin f/ V2 1/ v2 — cos f / V2 
A= sin f/V2 -1/V2 —cos f / V2 ; 


cos f 0 sin f 


sin f/V2 1/2 —cos f/V2 
A'A= | sin f/V2 -1/V2 — cos f / V2 
cos f 0 sin f 
sin f/ V2 sinf/V2 cosf 
x 1/v2 -1/v2 0 


—cos f/V2 — cos f/V2 sin f 


102 
={0 1 0 
0 0 1 


after repeated use of sin? f + cos? f = 1. 


In order to apply Theorem 7.3, we need to calculate the 
entries in dA. We use the techniques from O’Neill, 
Chapter I, for example, the chain rule gives 


d(sin f) = cos f df. 


Thus 
w = dA'A 
(cos f/V2)df 0 (sin f/V2) df 
=| (cos f/V2)df 0 (sin f/V2) df 
—sin fdf 0 cos f df 
sin f/V2 sinf/V2 cosf 
x 1/V2 -1/V2 0 
—cos f/V/2 -cosf/V2 sinf 
0 0 (1/2) af 


0 0 (1/v2) df 
—(1/v2) df —(1/V2) af 0 


Solution 7.2 


Since the attitude matrix A of the natural frame field 
contains only constants, the derivative dA is the zero 
matrix. Thus 

w=dA'A=0. 


This result is not surprising since each vector field making 
up the natural frame field is parallel. As you move in any 
direction the natural frame field does not rotate at all so 
the connection forms must be identically zero. 


Solution 7.3 


A direct calculation shows that A'A = I. However, you 
may have noticed a similarity with the spherical frame 
field. A careful study of the spherical frame field on 
page 83 of O’Neill shows that the following transforms 
the spherical case to the one in hand: 


e interchange Fz and F3, 

e substitute 9 = f, 

e substitute 6 = f, 

e change the sign of the new Fo. 

None of these operations affect the property of being a 
frame. 


The calculation of w is long but not too difficult. The 
main step is the calculation of dA. Careful differentiation 
yields 
—2sin fcos fdf (cos? f — sin? f)df cos f df 
dA = (o f —sin? f) df 2sin f cos f df ont) 
—cos f df —sin f df 0 
33 


Using this gives 
0 —df cosfdf 
w= df 0 sinfdf |. 
—cos fdf —sin fdf 0 


Solution 7.4 
The attitude matrix A is 


cos ¢ cos Ý cos¢sind sing 
—sin ð cos 3 oO}. 
—singcosd) —singsind cosd 
Differentiating yields the following for dA. 
—sinġ cos dọ —sin ġsin ddd cos ġ dọ 
—cosġsin dý + cos ġ cos ð dô 
— cos 9 dô —sin ddd 0 
—cosġcos dø  -—cosdsinddd —singdd 
+sin ġsin dý —-—sindcosddd 


Use of w = d A'A and repeated use of sin? + cos? = 1 gives 


0 cos ġ dd dd 
w= | —cosddd 0 singdd |. 
—do — sin ddd 0 


Solution 7.5 


Linearity enables us to consider each of the terms f; B; 
separately, since 


3 3 
WYO HE; =} WB). 
j=1 j=1 


Now 
WE = V[J:]E:; + fiVvE: (Leibniz) 


3 
= V[S]E: + fi X wi (V)E;, 
j=1 
(connection equations). 


To obtain the result in the form given in the question 
involves summing the result above for i = 1,2,3 and 
manipulating the double sum. 


VyW = x (wae + fi Dae) 


i=1 j=1 
3 3 3 

=J VIE +9 Y fiwa(V)E;. 
i=1 i=1 j=1 


Relabelling the ‘summation variable’ in the first sum and 
interchanging the order of summation in the second term 
gives 


WW = X VIE +0 Y fiw (V)E; 


=), (ws + Ere) Ej. 


Note that this result generalizes the following. 


If 


WW = Ñ VIF]. 


In the case of the natural frame field the result is simpler 
precisely because the connection forms for the natural 
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frame field are identically zero. 


Solution 8.1 


We follow the same plan as the corresponding exercise for 
vector fields in the last section. Linearity allows us to 
deal with each term separately. 


d( fi0:) = dfi AO; + fd; 


3 
= dfi nbi + fi > wij AO. 
jel 
Summing: 


3 3 
d=) (ane +fi > wis ns) 
= ; mi 
= Sai nei +L) fiw 08; 
i=1 


i=1 j=1 


3 3 3 
= Saf no; + Y fiwij 06; 
jel 


j=l i=1 


3 3 
= ye (« a Ess) A bj. 
j=1 i=1 


Solution 8.2 


(a) We follow the hint in the text, rather than that in 
the question. We begin by using 


£ =rcos ð, 
y=rsinð, 
to calculate dz and dy. 
dz = d(r cos 9) = cos V dr — r sin 9 dð, 
dy = d(r sin V) = sin J dr + r cos 9 dv. 


Let A be the attitude matrix of the cylindrical frame 
field, then 


0 0 1 dz 
( (cos? 0 + sin? d)dr + Odd ) 


cos) sind 0 cos 0dr — r sin 0 dd 
= | -sin cosd 0 sin V dr + r cos 9 dô 


i 


Odr + r(sin? 9 + cos? 9)dd 


dz 
dr 
= | rdg |. 
dz 
From this, the results follow. 


(b) We apply duality and the above results in the form 
dr=0, d9=10, dz=6r. 
i 


Now, 
E[r] = dr(E1) = 0 (E1) = 1, 
by duality. 
Similarly 
E[9] = dð (E1) 
1 
= 7 O2(E2) 
=i 
= 


Also 


Applying df to Eı and using duality gives 
Es[z] = dz(E3) = 82( E2) = 1. 


G) 13 ô 
ajte) = (Shor + 23h, + Los) (m) 
The remaining results are obtained in exactly the same af 
way. As a sample, we do the following. =ar x1+0+0 
£,[9] = dð (E1) _ of 
= 702 Es) = ar 


Similar calculations give the remaining results. 
(c) We can apply the results just obtained. 


First, since V[f] = df(V), for any vector field V, we 
calculate df in terms of the dual 1-forms. 


of of of 
df = dr + Dae 4 az 
jad ale ae 
_ of lof of 
= 91 + oye + 58s. 
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Contents 


Introduction 

Isometries 

Derivative maps of isometries 
Orientation 

Euclidean geometry 


Congruence of curves 


aoa oF WN FH 


Summary 


Solutions to the exercises 


Introduction 


This part rounds off the study of curves as such, although curves will play an 
important role in the study of surfaces. The main aim of Chapter III of O’Neill 
is to prove a theorem to the effect that the curvature and torsion functions of a 
unit-speed curve completely determine the curve, except for the precise position of 
the route of the curve in E. 


In order to state the theorem precisely, we have to define exactly what is meant by 
two curves being ‘the same’. The notion that we need is that of an isometry of 
E’. 

The first four sections are devoted to isometries. Section 1 defines isometries, links 


them to ideas of linear algebra and then shows that all isometries can be expressed 
in a form that makes computations easy. 


Section 2 investigates the derivative maps of isometries. Since we shall be dealing 
with curves related by an isometry, we need to understand how isometries act on 
tangent vectors defined on the curves; this is precisely what the derivative map tells 
us. 


In Section 3 we tackle the problem of distinguishing between left-handed and right- 
handed objects. The concept that we require is orientation. The need for such a 
concept can be illustrated by considering a circular helix, say, and its reflection in 
the xy-plane plane. In all respects except the ‘handedness’ of the spiral, the two 
helices are the same. The process of reflection (an isometry) is different in some 
essential respect from, say, translation (another isometry). 


With the ideas from Sections 1-3, it remains to find out only how isometries affect 
acceleration of curves. We know that, in general, mappings do not preserve accel- 
eration. However, isometries do and this will be important for the theorem that we 
are aiming to prove. 


Finally, Section 5 puts together the ideas about curves embodied in the Frenet 
apparatus and formulas with the work on isometries. 


It may not always be apparent where the detailed work on isometries is leading. It 
may help if you remember that all the information about a curve a is contained in 
a and its first three derivatives. So, to understand the relationship between curves 
and isometries, we must be able to describe isometries and to understand what 
isometries (or, to be precise, their derivative maps) do to the derivatives of a curve. 


Study advice 


The following represents a possible plan for study weeks. 
Week 1 O’Neill, Chapter III, Sections 1-3. 
Week 2 O’Neill, Chapter III, Sections 4-5, the summary and TMA02. 


We shall actually define what 
we mean by the routes being 
the same. 


This was tackled in 
Chapter I. 


We have formulas for the 
Frenet apparatus in terms of 
@ and its first three 
derivatives. 


1 Isometries 


Read O'neill: Chapter Ill, Section 1, pages 98-102. 


Erratum O'Neill, page 102, the last line of text should read: 
‘Alternatively, ...,q= F(p)...’. a 


This section has two aims. 
(a) To define what is meant by an isometry. 


(b) To show that any isometry can be expressed as an orthogonal transformation 
followed by a translation. 


The second aim is important because it makes calculations with isometries very 
easy. It also makes the construction of an isometry to do a particular task a 
relatively straightforward process. 


Isometries The mathematical concept of isometry is intended to formalize the 
idea of a rigid motion, a motion which changes the position of objects but not 
their size or shape. In particular, the distance between two points after the rigid 
motion must be the same as the distance between them before it. This property of 
preserving distance is taken as the defining property of isometries. 


Many of the transformations that you have met before are isometries. Intuitively, 
it is fairly clear that rotations, reflections and translations are isometries. O’Neill 
deals explicitly with translations and rotations in his examples. The ‘straight 
forward computation’ referred to in the discussion of rotations is elementary, but 
messy, algebra. The result is the important thing, not the details of the justification. 


Composites and inverses Having defined a new type of object, isometries, you 
should be expecting the next steps. We show that the composite of isometries is 
also an isometry and that the inverse of an isometry is also an isometry. 


Actually, O'Neill deals only with composition (in Lemma 1.3). O’Neill also ob- 
serves that the inverse of a translation is a translation and, therefore, an isometry. 
The general result for inverses is not difficult and we include the proof here for 
completeness. 


The idea of the proof is straightforward: because an isometry F preserves the 
distance between any two points of EË, in particular it will preserve the distance 
between F~1(p) and F~1(q). 


Lemma 1.3a If F is an isometry of E?, then F~! is also an isometry of E°. 


Proof Suppose that p and q are points in E?. Then, 


M101 and M203 


The set of isometries is closed 
under composition and 
taking inverses. 


d(F~'(p), F7*(q)) = d(F(F-\(p)), F(F71(q))) (because F is an isometry) 


=d(p,q) (because FF’ is the identity). 
Thus 
d(F~"(p), F-*(q)) = d(p, a), 
and F`? is an isometry. 


Orthogonal transformation ONeill defines this, in passing, as a linear transfor- 
mation which preserves dot products. Since angles are, essentially, defined in terms 
of dot products by 


Pq 
cosh = ——_ 
llel] Ilall 
P-q 


“pp Ppya-a’ 


orthogonal transformations preserve angles as well as dot products. In particular 
they preserve right angles, hence the name orthogonal. 
The plan of campaign for the proof of Theorem 1.7 can be set out as follows. 
(a) Deal with isometries that fix the origin by; 
(i) showing that such an isometry preserves dot products; 
(ii) showing such an isometry is linear; 
(iii) deducing that such an isometry is an orthogonal transformation. 
(a) Deal with the general case by combining it with a translation that ensures that 


the composite fixes the origin and, hence, that the composite is an orthogonal 
transformation. 


Lemma 1.6 Two points arise here: polarization and linearity. 


Polarization is the sort of idea that is ‘obvious’ once you have seen it! Actually, it 
simply involves careful application of the information about F and the definitions 
of norm and distance in terms of dot product. 


The final steps in the linearity argument are omitted by O’Neill for the very good 
reason that they take up a lot of space for little insight. However, for completeness, 
here is the missing detail. 


Suppose that 


P = (P1, P2, P3), 


q = (41, 42, 43), 
F(uj)=vi, €1,28: 


Then 


P | J (apiu 4 ba) 
3 
=F | (api + ban) 


(because we know that F acts linearly on the u;) 
3 


= $ (api + bqi)vi 
3 
= Vw: + bgivi) 


3 
=a) pivit bY avi 
i=1 i=1 

aF (p) + bF(q). 


Once you know that F behaves linearly with respect to a basis (the u;) then it 
must behave linearly overall. 


In the next section we shall apply the ideas contained in the proof of Lemma 1.6 to 
obtain an explicit formula for the orthogonal transformation that takes one given 
orthonormal basis into another. 


Optional The comments about closure and inverses, made earlier, may have re- 
minded you of work on groups from previous courses. If time permits, you might 
like to look at Exercises 7 and 8 which discuss groups of isometries. 


Exercise 1.1 O’Neill, page 103, Exercise 1. (This exercise is included to empha- 


size that the order of the orthogonal part and translation part of an isometry is 
important.) 
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Exercise 1.2 O'Neill, page 103, Exercise 2. (Hint: Apply the first exercise.) 
Exercise 1.3 O’Neill, page 103, Exercise 4. 
Exercise 1.4 O’Neill, page 103, Exercise 5. 


Exercise 1.5 O'Neill, page 103, Exercise 6. 
[Solutions on page 16 


2 Derivative maps of isometries 


Read ovnei: Chapter lll, Section 2, pages 104-106. 
oo OOO 
Having obtained the computationally useful expression 

f= TO 


for an isometry, we now go on to consider the derivative map of an isometry. In 
a way, the result of Theorem 2.1 is almost inevitable. The orthogonal part of 
an isometry determines (in a crude sense) how geometric objects will be ‘rotated’ 
whereas the translation part alters only their position in space. Because an isometry 
is a rigid motion, any collection of tangent vectors attached to an object will all be 
‘rotated’ in the same way. Expressed precisely, that is exactly what Theorem 2.1 
says. 


In matrix form, the vector part of F, (vp) is given by 


Corollary 2.2 There is a further deduction that we can make. By applying the 
pointwise principle, we can say that 


FAV) = C(V) 
for any vector field on E®. Because F, preserves dot products, we can deduce that 
FAV) F.(W) =V-W 


for any vector fields V and W on Eĉ. It also follows that F, maps frame fields to 
frame fields. 


If Ey, Ez and E3 form a frame field, then 
F,(E;) - F,(Bj) = EB; E; 
=f: 
Hence F,(E1), F.(E2) and F, (E3) form a frame field. 


Theorem 2.3 With this theorem and the remark that follows, the main aim of 
this section has been achieved. 


Given two points, each equipped with a frame, we can find the unique isometry 
that maps the first point-and-frame to the second. 


It may help to understand where the expression 
C= BA 


comes from if we look in a little more detail at exactly what is required of C'. 


Strictly, the isometry maps 
the point, its derivative map 
deals with the frame. 


The notation set up in Theorem 2.3 means that 
6 = (a11, 412, a13) 
ez = (a21, a22, a23) 
e3 = (a31, a32, a33) 
fi = (b11, b12, b13) 
fo = (b21, b22, b23) 
fs = (b31, b32, b33). 


We want C(e;) = fi so we want C to have the following effect. 


aii bi 
C | ai | = | biz 
a3 bis 
azı bar 
C | az | = | b22 
a23 b23 
a31 b31 
C | azo | = | b32 
a33 b33 


If we combine these as a single matrix equation, we get 


a1 a2 431 bii ba ba 
C | a12 az2 asz | = | biz b22 b32 
413 @23 @33 big beg bas 


We can write this equation as 
C*A ='B. 


We can solve this for C by multiplying on the right by (‘A)~! and, since A and 'A 
are orthogonal, (‘A)~! = YA) = A. Hence 


C= BA 
SIDA. 
A point easily overlooked is that the translation part of the isometry is 
q- C(p) 
and not q — p. This is a consequence of the expression 
Fare 


in which the orthogonal part is applied first. Overall, we require 
F(p)=4 
but 
F(p) = (TC)(p) 
= T(C(p)). 
Thus T is the translation taking C(p) to q. 


We can now predict that, when an isometry is applied to a curve, the orthogonal 
part will determine what happens to the Frenet frame at each point of the curve. 


In spite of the fact that applying Theorem 2.3 is a very important skill, we have 
set only one exercise on it. The reason is that the application to curves will give 
you further opportunity to develop this skill. 


Exercise 2.1 O'Neill, page 106, Exercise 1. 


Exercise 2.2 O’Neill, page 107, Exercise 5. 
[Solutions on page 18 ] 


3 Orientation 


Read oveill: Chapter III, Section 3, pages 107-110. 


Errata 


1 O'Neill, page 108, the second displayed equation in the proof of Lemma 3.2 
should read: 


(Dana) = (= cata) = AS 
k k 
2 O'Neill, page 108, the final calculations in the proof of Lemma 3.2 should read: 
F,(e1) : F.(e2) x Fx(e3) = det(A +C) 
= det Adet*C 
= det A det C 
= sgn Fe; - e2 X e3. E 
Orientation The underlying idea behind the formal definition of orientation (left- 


and right-handed gloves) is probably not as elusive as O’Neill suggests. It is the 
formalization that is tricky. 


Lemma 3.2 You may find the following, expanded, version of the proof helpful. 


Let us denote the attitude matrix of the frame field F,(e;), i= 1,2,3 by B. Then, 
writing out the effect of F,, that is C', in full, we get 


bu a11 
bio | =C | are 
bis a13 
bai a31 
(=) =C (=) 3 
b33 a33 


Combining these, we have 
B= GA, 
Now, the triple scalar product 
F,(e1) + F.(e2) x Fy(e3) 
is the determinant of the attitude matrix B. But, 
det(B) = det((C'tA)) 
= ahaa be KON 
= det(A 'C) 
= det(A) det(‘C) 
= det(A) det(C) 
= sgn F e; - e2 X e3. 
Exercise 3.1 On page 107, Exercise 5 of O’Neill, two frames are defined. Find 
their respective orientations. 


In the last section you found an isometry, F, taking the first frame to the second. 
Find sgn F and hence verify Lemma 3.2 for this example. 


Exercise 3.2 Let the orthogonal transformation C be specified by the matrix 


a Bat 
3 3 
es 2 
3 3 3 
1 2 2 
3 3 a 


and let the vectors v and w be given by 
v=(3,1,-1) and w= (-3,-3,1). 
Check the formula 
C(v x w) = sgn C(v) x C(w). 
[Solutions on page 18] 


4 Euclidean geometry 


Read O'Neill: Chapter Ill, Section 4, pages 112-115. 


Erratum O’Neill, page 113, in Fig. 3.6, the vector attached to @(t) should be 
labelled Y(t), not Y(t). a 


This section provides the final technical tools that we shall need for our discussion 
of congruence of curves and the first half of the theorem that is the main aim of 
this part of the course. 


The central theme of this section is finding out what happens when an isometry 
is applied to a curve. We already know how to find the effect of the isometry 
on the Frenet frame that is attached to each point on the curve: we apply the 
derivative map. For isometries, the derivative map has a particularly simple form. 
We also need to know about the relationship between the Frenet formulas for the 
two curves and these involve the derivatives of the Frenet frame. The main result 
of this section describes exactly how isometries affect derivatives of vector fields. 
This result is then applied to the Frenet frame of a unit-speed curve. 


Acceleration and mappings You might like to work through the compressed 
example in the middle of page 112 in a little more detail. We suggest that you 
ignore the remark about diffeomorphisms. 


Corollary 4.1 It is not quite clear of what this is a corollary! Actually, it follows 
from the fact that the derivative map of an isometry is effected by the same matrix 


at each point of E®. The core of the proof is the paragraph beginning: ‘On the 
other hand...’ 


Theorem 4.2 This is the application of Corollary 4.1 to curves. 


In Part II, Section 4, we showed that all the Frenet apparatus of a curve œ can 
be expressed in terms of the first three derivatives of a by using dot products, 
norms and cross products. These derivatives define three vector fields on the curve 
and Corollary 4.1 tells us that such vector fields are preserved when we apply an 
isometry to the curve. Isometries also preserve dot products, norms and (making 
allowances for sign) cross products. 


Taking these facts into account, it is reasonable to suppose that applying an isome- 
try to a curve gives a new curve with, essentially, the same Frenet apparatus as the 
old one. The theorem makes these ideas precise and then proves that the expected 
actually happens. 
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We know this from the 
general work on mappings. 


The proof makes use of some deductions from the definitions of the Frenet appara- 
tus. Since ĝ is unit speed, we have 


T=, 


«= |[T'] = 18l 
vT, 


When showing that K = «, the proof uses the fact that F, preserves dot products, 
and hence norms, in the line 


e EEN = 16 
In the calculation of N, the proof uses the linearity of F, by asserting that 
F; Y 
A) 2 (©). 
K K 


Note, also, that O’Neill uses the modified definition of r that we gave in Part II, 
Section 3. 


Anticipating the beginning of the next section a little, we define two curves a and 
Ê to be congruent if there is an isometry F such that 


F(a) =p. 
This theorem can then be restated in the following form. 


If œ and £ are congruent unit-speed curves, then 


Ka =Kg and Ta = rg. 


The next section proves the converse: that if we know that two unit-speed curves 
have the same curvature and (making the allowance for sign) the same torsion, then 
the curves must be congruent. We shall show explicitly also how to produce the 
isometry to justify this assertion. 


The two results together show that the curvature and torsion give a complete geo- 
metric description of a curve. 


Non unit-speed curves The results in O’Neill on the effect of isometries on 
curves deal only with unit-speed curves. It is useful to add one further result. 


Lemma 4.4 If a is a curve in E? and F is an isometry, then 
UF(a) = Vay 
that is, F preserves speed. 
Proof We know that F is a mapping and so preserves velocity, that is, 
(F(a))' = F(a’). 
Now 
%(a) = Il (F (|l 
= |1F-(’)|| 
= VF (~): F(a!) 
=Va!’-a’ (because isometries preserve dot products ) 
= lle'll 
=a. 


This completes the proof. 
Exercise 4.1 O'Neill, page 115, Exercise 1. 


Exercise 4.2 O'Neill, page 115, Exercise 2. 
[Solutions on page 19] 


That is r= —B'. N. 


The sign in the second 
equation is determined by 
the sign of the isometry 
which makes the two curves 
congruent. 
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5 Congruence of curves 


Read O'neill: Chapter Ill, Section 5, pages 116-121. 


Erratum O’Neill, page 120, the last line of the proof of Corollary 5.6 should read: 
F(a(t)) = F(@(s(t))) = B(s(t)) = BE). a 


In this section we prove the converse of Theorem 4.2 to complete the proof of the 
following result. 


Main theorem on curves If a and £ are unit speed curves in E? then œ and 8 
are congruent if, and only if, 

ke=te and 7 = Ta. 
A by-product. of the method of proof is that it is possible to give an explicit recipe 


for constructing the isometry in such cases. 


We also extend the theorem to non unit-speed curves. This extension requires the 
additional condition that 

Ug = Va > 0. 
The overall strategy is the following. 
(a) Deal with the case in which the two curves are related by a translation. 
(b) Deal with the general case, making use of the special case. 
Let us consider two curves, one a translated version of the other. We know that, for 
a translation, the orthogonal part, C is represented by the identity matrix. Since it 
is C that determines what happens to the velocity vector of a curve, velocity vectors 


of the two curves will actually have the same Euclidean coordinate functions. Thus 
1e velocity vectors will be parallel. 


= 


hat we can detect if two given curves are related by a translation by inspecting 
heir velocities. If their velocity vector fields are parallel, there is a translation 
mapping one curve to the other. 


Lemma 5.2 This lemma deals with the converse of the observation above. It shows 
t 
t 


Note that you cannot actually calculate the three constants p;,i = 1, 2,3 unless you 
know a pair of corresponding points on the two curves. Without this knowledge all 
hat you can assert is the existence of the constants. Fortunately, this is sufficient 
for our purposes. 


= 


Theorem 5.3 The approach to the general case is mildly complicated by the need 
to consider the cases 


TB=Ta and T8 = -Ta 
separately. 


The basic idea is fairly straightforward. We choose corresponding points on each 
curve and choose an isometry that will accomplish the following: 


e map a(0) to (0), 


e map the Frenet frame at a(0) to the Frenet frame at §(0), allowing for a small 
complication. 


Because equality of the functions Ka and Kg implies that 
Ka(0) = (0), 
we choose œ(0) and (0) as the pair of corresponding points. 


We can always construct an isometry to map a given point to another and, simul- 
taneously, map a chosen frame at the first point to a frame at the second. 


t2 


As usual, when discussing 
isometries, we use the 

F = TC notation without 
comment. 


This was the technique you 
practised in Section 2. 


The ‘small complication’ referred to above is the fact that Frenet frames are, by 
definition, always positively oriented. We know that we need to consider orientation 
reversing isometries and so the isometry which simply maps one Frenet frame to 
the other will not always be quite what is needed.. 


We construct the isometry to map Ty and Ng to Tp and Ng respectively. We then 
arrange 


Bot Bg if Ta = TBs 

Ba > -Bp if te = cae 
Intuitively, the isometry F, constructed to this recipe, ensures that @ = F(a) and 
b coincide at (0) and set off in the same direction from (0). The final stage in 
the proof is to show that, not only do they set off in the same direction but they 


remain exactly the same. To do so, we show that their velocities are the same. This 
implies that they are related by a translation. However, the two curves coincide at This is why we needed the 


t = 0, so the translation is the identity. That is an involved way of saying that special case first. 
@ = F(a) =f. 

The detail of the proof that the tangents are parallel, 
T=T 


in the notation of the proof, gets a little involved. Let us look carefully at what 
O’Neill does. 


The expression 
T-T+N-N+B-B 


contains three terms, each of which is the dot product of two unit vectors. Using 
the Schwarz inequality is rather a case of overkill. If T and T are at an angle 0 
then we know that 


T-T =||T\|||T|| cos 0 
<|IFINITI|_ (because —1 < cosd < +1) 
=1 (both are unit vectors). 


Equality will occur only when cos@ = 1 and the vectors are equal. 
Two similar results hold for the other two terms and we deduce that 
T-T+N-N+B-B<3 
with equality only when corresponding vectors are equal. 
Having established that the function 
f=T-T+N-N+B-B 


has the value 3 at one point, namely t = 0, we go on to show that its derivative is 
zero, so that f is constant. It is at this point that the Frenet formulas are used. 
The details omitted by O’Neill are as follows. 


fal -PT TV 4N N4N-N 4B BABB 


=RN-T+T-«N +(-KT+7B)-T+N- (nT +7B) —7N-B-B-rN 
=0. 


It should be clear that the terms do cancel in pairs as O’Neill asserts. 


Comment: You may well have been unhappy about writing down expressions If you did not spot this 
such as inconsistency, do not worry! 
The comment is just in case 


TT you did. 
before we have proved that the two curves are the same. Until the proof is complete, 
we really cannot be sure that T and T have the same point of application. You 
are intended to interpret these expressions as the result of taking the dot products 
after moving both vectors to the origin. 
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Example 5.4 Here O’Neill points out the application of the method of Section 2 
to finding the isometry required to map one curve to another. 


Corollary 5.5 We already have a test for deciding whether or not a curve is a 
cylindrical helix: calculate the ratio r/x. The curve is a cylindrical helix if, and 
only if, this ratio is a constant. 


What O’Neill is discussing here are circular helices. 
Corollary 5.6 This corollary removes the restriction to unit-speed curves. 


Theorem 5.7 O’Neill presents this for completeness and because of the applica- 
tion to which he refers. Since the part of O’Neill referred to does not form part of 
this course, you may omit this theorem, or simply read it out of interest. 


The achievements of this section are substantial. The Frenet apparatus gives a 
standard test for the congruence of curves. Moreover, if two curves are found to be 
congruent, then we have a method of constructing the isometry which makes them 
congruent. 


In constructing such isometries, the only point that needs to be watched is what 
happens to B. Symbolically 


Ta(0) Ta(0) 
Na(0) p++ 4 — Nea(0) 
Ba(0) +B;(0) 
with the sign chosen to match the sign in tg = +Tq. 


The first two exercises give you a chance to practise the basic techniques resulting 
from Theorem 5.3. The others develop the ideas slightly and may be omitted if you 
are short of time. 
Exercise 5.1 The curves œ and £ are defined by 

a(t) = (cost, sint, 0), 

A(t) = 3(-2 cost + 2sint + 3,2cost + sint — 3, cost + 2sin t). 
Show that œ and @ are congruent and find an isometry F such that 

B= F(a). 
Exercise 5.2 The curves a and £ are defined by 

a(t) = (3t — t°, 3t?, 3t + t°), 

Blt) = (3V2, -3t?, V). 
Show that œ and @ are congruent and find an isometry F such that 

B= F(a). 
(Hint: To save you some time, note that œ was discussed in Chapter II, Example 4.4 
on pages 69-70 of O'Neill. Use the results obtained there to shorten your working.) 
Exercise 5.3 O’Neill, page 121, Exercise 1. 


Exercise 5.4 O’Neill, page 122, Exercise 4. 
[Solutions on page 20] 
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6 Summary 


Read ovneill: Chapter III, Section 6, page 123. 


This chapter has introduced the formal definitions necessary to give a definition of 
congruence of curves in E3. 


Using these ideas it was possible to prove that the speed, curvature and torsion 
functions completely determine a curve in E, except for the position of its route 
in space. 

The techniques which have been developed from the theory are: 

(a) deciding whether or not two curves are congruent; 


(b) when two curves are congruent, constructing an isometry that maps one to the 
other. 


This part of the course completes the direct study of curves. In the next part we 
begin the study of surfaces; some of our results about curves will be useful tools in 
this study. 
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Solutions to the exercises 


Solution 1.1 


In order to prove that two transformations (i.e. functions) 
are the same, we show that they have the same effect on 


a typical member of the domain. So, let p € E°. Then 
(CTa)(p) = C(Ta(p)) 
=C(p+a) (definition of Ta) 
=C(p)+C(a) (C is linear) 
=Te(a)(C(p)) (adding C(a) is Teça)) 


= (TecayC)(P)- 
Hence 
CTa = To(a)C. 
Solution 1.2 


As suggested in the hint, we apply the above result. 
FG = (T.A)(ToB) 
= T,(AT)B 
=Ta(Ta(v)A)B (using the previous solution) 
= (ToT 4(v))(AB) 
= Taş aço) (AB). 
Hence the translation part of FG is 
Ta+A(b)> 
and the orthogonal part is 
AB, 
the composite of the orthogonal parts of F and of G. 


Note that the translation part is not simply the 
composite of the separate translation parts. 


fo deal with GF, we could repeat the entire calculation. 
However, it is easier just to interchange a with b, A with 


B. Thus, the translation part of GF is 
Tot B(a) 

and the orthogonal part is 
BA. 


Solution 1.3 


The most straightforward check that C is orthogonal is to 


calculate ‘C C. 


wie wim wit 


‘CC = 


wI wile wily 

wir wiry wile 

wl wir wir 

WIN Wl wiry 
l 

wI WINY w= 
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Now, in matrix form, 


2B pe 
3 3 3 
3 
2 1 2 
alh Sage eS 1 
CP) 3 S 3 (2) 
1o 4 
3 S 3 
z 
3 
_| 9 
~ | 3 
i 
3 
pE ee te 
21 2|(2 
C(q) = ete es 
(a) aR ag : 
Loa e 
3 3 3 
28 
3 
=| 
7 3 
i 
3 
Now, 

25 194 77 
OpyAd=—s5" 5a 33 
_ 135 
7T 
= —15. 

p-q=3x1+1x0-6x3 
=-15 
= C(p): C(a) 
Solution 1.4 
(a) Since 
E ELS 
V2 V2 2 3/2 
01 Oe ay Vs -2 |, 
i y i 8 5v2 
v2 v2 
we have 
C(p) = (-3V2, -2, 5V2). 
Hence 
a= F(p) 
= (T.C)(p) 


= Ta((-3V2, —2,5V2)) 
= (-3V2, -2, 5V2) + (1,3, —1) 
= (-3V2 + 1,1,5V2 — 1). 


(b) For this part, we can usefully apply the solution to 
the first exercise to get an explicit expression for F7'. 


ERr 
agg 
OT a 
= Tic(-a)'C- 


We now calculate the image of p in exactly the same way 
as above. Firstly, 


d gy 
v2 v2 2 
Cp) = a p (-) 
ee: ere R te 
v2 v2 
5V2 
= e 
3v2 
we have 
‘C(p) = (5V2, —2, 3V2). 
Now 
—a = (—1, —3, 1), 
so i ‘i 
Ve AN ia 
‘C(-a) = 01 0 (=) 
EEE a 
v2 v2 
) 
=|-3]. 
v2 
Thus 
q=F"(p) 
= (5V2, —5, 4V2). 


(c) We have 
Talp) = (3,1,7) 


and 
2y 
v2 3 2/2 
0 1 i 1 
1 7 5V2 
—= 0 
V2 

Thus 


q = (CTa)(p) = (—2V2, 1, 5V2). 


Solution 1.5 


There are several possible approaches to this question. 
Perhaps the most obvious is to begin by using the 
definition of isometry as a test: check if 


lF) — F(a) = Ip — all- 
Alternatively, one could try to express each 
transformation in the form 


TaC, 


where C is some matrix transformation and then check C 
for orthogonality. 


On the whole we shall adopt the ‘first principles’ 
approach. The problem with this is that if F is not an 
isometry, it is sometimes difficult to see why not. 


(a) Here we have 
lF(p) -Fl = ||- p- (-a) || 
= |la—pll 
= |Ip—all. 


Thus F is an isometry. 
(b) In this case 
IF) - F(a)l| = |p -aa — a -aal 
= ||P - a) - aall 
= |ip — all llall cos 8 Ilall 


(where 8 is the angle between p — q and a 


= ||p— qlļcosð (since |lal| = 1). 
Since there is no reason why 6 should be zero for all p 
and q, F is not an isometry. This observation enables us 
to construct a counterexample; all we need to do is choose 
p and q so that 6 #0. To do so, let p be any non-zero 
vector perpendicular to a and let q be the zero vector. 
Then p — q is orthogonal to a and so cos@ = 0. Hence 


lipll #0 
but 
IF) = [lol] = 0. 
(c) If we write 
F(p) = (ps, p2, p1) — (1, 2, 3), 
then we can see that F = TC, where T is translation by 
(=1,—2,;—3), 
and C is defined by the matrix 


0.0 2 
GCL Oi. 
1S de 0, 
Since C is orthogonal (it has determinant —1), F is an 


isometry. 


A ‘first principles’ computation also shows directly that 
F is an isometry. 


(d) If we compare ||F(p) — F(q)|| with ||p — all, we get 
IEP) — F(a) = MI, p2, 1) = (41,92, 1)II 
= ||(pı — 1, P2 — 92, 0)|| 
= V(r — 11)? + (m — 92)? 
lp = all = V(r = a1)? + (p2 = a2)? + (Ps = 99). 


We can now see that, if pa — q3 #0, these two results are 
different. 


Hence F is not an isometry. 


There is a directly geometric way of seeing that F cannot 
be an isometry. It maps the whole of E° onto the plane 


z=1. 


Therefore, some points which were separate in the domain 
have the same images in the codomain. Isometries have 
to be one-one, so F cannot be an isometry. 


Solution 2.1 


The best thing to do is probably to cast the translation 
into the standard form for isometries and apply the 
results of the section. 


Informally, a translation has no orthogonal part. 
Formally, this means that a translation is an isometry for 
which 


C=, 


the identity matrix. It follows that T, is represented by 
the identity matrix. 


It follows that the vector part of T,(vp) is 
I(v) =v. 


The result follows. 
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Solution 2.2 ERS 


OF 
If we use the notation of the remark after Theorem 2.3, =1 
we have oe 
2 2 1 Thus the frame is positively oriented. 
3 3 3 For the second frame, the attitude matrix is 
A 4 2%, Ly. 
3 3 3 J2 v2 
E 01 0 
3 3 3 
Ay se : 
V2 V2 : v2 É ae 
with determinant 
ice a ae 1 1 1 
> sjette t0.= 
be eee 2 ( V2 ) v2 ( 3) 
v2 v2 4 S 
Lg 2 2a 
v2 v2 ae 
Ra 0 1 0 Hence the frame is negatively oriented. 
1 1 The isometry found in the earlier exercise has the 
A 0 E isme matrix for its eas part. 
C='BA 2 ° Z 
bog SE 2 2 A 2 1 2 
v2 v2 3 68 8 "8. F 3 
=| yi o}}_2 12 1 4 1 
i i 2 3 3 3V2 3V2 3v2 
=a E 1 2 2 The determinant of this matrix is 
we ae eet ae 1 i 8 1 8 1 
= 3 sÜ = <- 
L. g zl ova sa) Ja ( 9V2 Aa) 
v2 v2 1 1 
zj 2 1 2 “379 
= 3 3 3 ey 
: 2 - This fits in with the calculati f the fi ij 
ae =p Soe his fits in wi he calculations of the frames 
7 0} 
7 3V2 3v2 3v2 orientations. Since the isometry carries a positively 
Since 5 : j- ias T 
oriented frame to a negatively oriented one, its sign must 
Q be —1. 
A 
cm=| 3 |, Solution 3.2 
2. Firstly, we have 
| A32) v x w= (—2,0, —6). 
we require translation by \ i 
i F Now we calculate the various images. 
q-C(p)= (3-0,-1 i g goi 
(p) ( , "SA -5 $ -i 
3 -1 
z ( 4,_4 ) ea aif fai a); 
a 9B 3V2)° 3 3 3 aff iJ 
1 22 
3 3 3 
Solution 3.1 - ee =e 
: . e 3 -3 3 
The first frame has attitude matrix 2 1 2 (=) 11 
2 2 i S yet = AE 
TE aSa 4 
2 23 Sr @ 3 
3 3 3 
fh. 23 2 ei By od 10 
3 3 3 3 3 3 -2 3 
and so its orientation is obtained from the determinant 2 t _2 oj= 8 
whose value is 3 3 3 —6 3 
5 (55455) + (-35 DEF (55 53) re 2 ae 
3 \33 33 3 33 33 3 \33 33 2 2 3 3 


= 55 (2x 6-2 (-6) 41x 3) 
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Since the isometry defined by C has orthogonal part C, 
we have 


C=C 

and, so, 
sgn C, = det C. 

Now, calculating the determinant of C shows that 
sgn C, = —1. 


Also, we have 


10 8 14 
Ci ={-—,--,-— 
ow) x ow) = (-2,-4, 15) 
=-(2 2 -=) 
~ RRS 
=—-C(v xw). 
Since sgn C, = —1, we have 


C(v x w) = —C(v) x C(w) 
= sgn C,C(v) x C(w). 


This completes the check. 


Solution 4.1 


Our main weapon for tackling such a question is 
Theorem 4.2. If we set 


y= F(A), 
then we have exactly the conditions specified in 
‘Theorem 4.2 and we may apply its conclusions. 


(a) If @ is a cylindrical helix, we know that 
Te 


EA 
Ke 
where a is a constant. But 
Ty _ Tg 
ky RE 
= ta, 


which is also a constant. Thus y = F(£) is also a 
cylindrical helix. 


(b) Here we apply the definition of spherical image. The 


coordinate functions of are those of the unit tangent 8’. 


Abusing notation slightly, we can write 


p=p 
Similarly, 
yay. 
Now we bring in the isometry F and its derivative map C. 
y= 
= (F(8))' 
= F.(8') 
= C(6') 
=C(A). 


This is exactly what we were asked to show. 


There is an alternative proof that you may prefer. We 
can write the spherical image of 8 as 


B=T, 
(with much the same sort of abuse of notation as above). 
Similarly, the spherical image of F'({) is 
T=F.(T) (using Theorem 4.2) 
= F,(8) 


= c(i). 


Solution 4.2 
In order to find @, we have to calculate 
-1 0 0 — cost 
1 1 cost E 
0 — -— 3 = | —(snt -2t 
V2 V2 ( t ) = V2 ( ) 
1 1 aon 
Ot, ea: ate — (sint + 2t 
v2 V2 Vii ) 


Thus 
a(t) = (- cos t, ge t— 2t), ge + 2)) x 


Since, with our usual mild abuse of notation, C. = C, we 
can calculate C,(Y) as follows. 


-1 0 0 
roe 1 ( t ) -t 
mB Fe 1-# | =| -v2e? 
2 2 ’ 
S kee y oe 
poi pts 
v2 V2 
so 
Y=C.(Y) = (-t, -V20?, V2). 
Now, 
Y' = (1, —2t, 2t), 
Y'= (-1,-2V2t, 0) 
and since 
-1 0 0 
fi. 1 1 -1 
9 -z - =; -2t | = | -2V2 
2 2 , 
1 x (=) 0 
Ü- aA 
V2 v2 
we have 
C.(Y') = (—1,—2V2t, 0) 
-y' 
We have 


a' (t) = (—sin t, cost, 2), 
a” (t) = (— cost, — sin t, 0), 


T(t) = | sin 1 cost — A cos 
a (t) ( ta t 2), zl 1+9), 


: i 
a(t) = (cost. sin t, ——= sin 1) è 


V2 V2 
Now 
-1 0 0 
1 1 —cost 
C(e")=] 9 VE. ME —sint 
0 
1 1 
Do as wos 
v2 v2 
cost 
ae 
——sint 
= v2 
MERET 
v2 
so 
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Finally, 
Y'- a” = (1, —2t, 2t) - (— cos t, — sin t, 0) 
= —cost + 2tsin t. 
mee s xe E z 
Y-a" = (-1, —2V2t, 0) : (cost “ae $ “ae ‘) 
= — cost + 2tsint 


ton 
Sr wer he 


Solution 5.1 


In order to invoke our main theorem, we must find the 
curvature and torsion functions of both curves. They are 
actually unit-speed curves, but there is no harm in using 
the more general methods usually used for non unit-speed 
curves. We choose to use the unit-speed methods. 


We begin with a. 
a’(t) = (—sin t, cost, 0). 

From this we can see that œ is unit speed, since 
|la’(t)||? = sin? t + cos? t = 1. 

Hence 
Ta = (—sin t, cost, 0); 


Tá = (—cost, — sin t, 0), 


Ka = |[Tall 
=]; 
Na = Th Ra 
= (— cost, — sin t, 0); 
Ba =Ta x Ne 
= (0,0, 1); 
Ba = (0, 0,0), 
Ta = — Bi,» Na 
=0: 


Next, we deal with £. 


b'i) = Zlesin t + 2cos t, —2sin t + cos t, — sin t + 2 cos t). 


E 5, x i 
ILo = g(4sin® t+4cos” t+ 4sin? t+ cos? t 
+ sin? t + 4 cos? t) 
=1 


Thus £ is also unit speed. 


Tg = 3 (2sin t + 2cos t, —2sin t + cost, — sin t + 2 cos t); 


1 5 P A 
Tp = 3 (2 cos t — 2sin t, —2cos t — sin t, — cos t — 2sin t), 


xg = |ITall 
= 3 V 9cos? t +9sin? t 
=l; 

Ns = Tp/kp 


1 r y m 
= 3 (2cost — 2sin t, —2cost — sin t, — cost — 2sin t); 


Bg = To x Ng 
1 
=> —6 
9 (3:6 —6) 
1 
=- —2); 
32 ) 
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Bs = 0; 
tg = —Bg- Ng 
a0: 
From the above we can see that the two curves satisfy the 


requirements of the main theorem and are, therefore, 
congruent. 


To find the isometry, we calculate the Frenet frame at 
t = 0 for both curves. 


For a: 
Ta(0) = (0,1,0), 
Na(0) = (=1,0,0), 
Ba(0) = (0,0, 1). 
For £: 


Ta(0) = }(2,1,2), 
Na(0) = $(2,-2,—1); 
Bo(0) = $(1,2,-2). 


Since the torsions of the two curves are equal, we require 
an isometry that will carry the Frenet frame at a(0) to 
the Frenet frame at (0), and also map a(0) to (0). The 
attitude matrices of the Frenet frames are 


01 0 
-1 00 
0 0 1 


and 
2 1 2 
3. F 3 
2 2 1 
E S “Ss 
1 2 2 
3 33 

respectively. 


If we apply the “B A’ formula from Section 2, then the 
orthogonal part of the isometry is 


ge 
aF 0o10 
Cals = -fa 0 
3 8 8 aa 
E S 
T S B 
žog i 
“3 3 3 
ail 2 a. B 
“| 3 3 
1 2 2 
a 2 8 


We also have 
a(0) = (1,0,0), 


L 4 
a0) = (3,-3.3) 
Next we calculate C(a(0)). 


2 2° 4 z 
“s 3 3. i E 
2k Akola] 2 
32 ajig 3 
12 2 1 
33 38 3 


The translation part of the isometry must be by the 
vector 


1 L4 221 
B(0) — C(a(0)) = (5-4 3) = (-ż, 3 3) 
= (1,-1,0). 
Since the orthogonal and translation parts have been 


found, the isometry is completely specified. We can give 
a description as 


wiw wiv w= 


es, 

nes 

ee 
wl wir wiry 


wI wim wit 


Solution 5.2 


We use the hint offered and give only the calculations for 
B. Since the hint implies that neither is unit speed, we 
use the general formulas. 


First we calculate speed, curvature and torsion. 
B(t) = (3V2, —6t, 3V'2t?) 
B" (t) = (0, -6, 6V2¢), 
B” (t) = (0,0, 6/2). 
P'(t) x B" (t) = (—18V2t?, —36t, —18 V2) 
—18V2(t?, V24, 1). 
BY(t) x B" (t) - B” (t) = 216. 
vs = |[5'(t) 
= V18 + 36t? + 1844 
= VI8V/1 4+ 21? +t 
= 3V2(1 +1”). 
IBE) x BY (t)|| = 18V V1 + 202 + tt 
= 18V2(1 + 27) 
— WA x AQ] 
% 
_ 18/2(1 +2?) 
54/2(1 + t2)? 
1 


~ 3042)" 


o EO x B"H) 8") 
PS 1B & BOP 
—216 
182 x 2 x (1+ t2)? 
L 
3048)?" 
Comparing these with the results found by O’Neill, we 
see that 


Va = 0g > 0, Ka = Kg, Ta = —Tp- 
Thus the curves are congruent. 


To find the isometry we require the Frenet frames at 
t=0. There is little point in finding the general forms of 
the Frenet frame for 3, we might as well just calculate the 
values of the expressions required by Chapter II, 
Theorem 4.3 at t = 0 and use them to find the frame at 
this point only. 


For œ we have the results from Chapter II available and 
they yield the following. 


Ta(0) = Te 
Na(0) = (0, 1,0), 
Ba(0) = ZO Lo, 1). 


For 8 we proceed as indicated above, using the results 
already obtained. 


(1,0, 1), 


won 
1 
= 375 2V2(1, 0,0) 
= (1,0, 0); 
— _F'(0) x 6"(0) 
Fe) = Tao) x BO) 
= =e! 8(0,0, —V2) 
0 0,-1); 
No(0) = Ba(0) x Ta(0) 
= (0,-1,0). 
Because Ta = —Tg, we want 
Ta (0) T(0) 
nol Zo 
Ba(0) —Ba(0) 


(Note the minus sign.) 


The respective attitude matrices of these frames are 


ESM oes 
v2 v2 
Äss 0 1 0 
IE o 
v2 v2 
and 


1 0 0 
B=|0 -1 0], 
0 Ça 


since —Bg(0) = (0,0,1). 


The orthogonal part C of the isometry is, therefore, given 
by 


C='BA 
1 0 1 
1 00 v2 V2 
= (° =i o) 01 0 
a ll ic il 
v2 v2 
oe 
v2 v2 
= 0-1 0 
cath EGA 
v2 v2 
It remains to find only the translation part. We have 
a(0) = B(0) = (0,0, 0). 


Since 
@(0)) = (0, 0,0) = £(0), 
the se part is the identity and the isometry is 


just the orthogonal transformation defined by the matrix 
C. 
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Solution 5.3 = PO x B'E) - BI" (t) 
= B® * BOI 


At first sight the condition given in the question looks 


somewhat mysterious. Let us begin by looking at the first = = 
half of the following assertion. 3 1 
If œ and # are congruent, then 8 can be expressed as = ge 
indicated. Since both the curvature and torsion are constant, so is 
We start by writing down what we know. Using the usual their ratio and £ is a cylindrical helix. Because the 
notation, curvature is constant, it is a circular helix. 
a(t) = œ (t)(1, 0, 0) + a2(t)(0, 1,0) + a3(t)(0, 0,1). In order to find the values of a and b that will make aw 
We also know that there is an isometry F = TC such that congruent to B, we calculate the speed, curvature and 
torsion for a. 
pom HE a'(t) = (—asin t, a cos t, b) 
If we set "(t) a ( ‘i i x 0) 
a = (—4& cos —asin 
e1 = O(1,0,0), m chs Ai 
a” (t) = (asin t, —a cos t, 0), 
e2 = C(0,1,0), 
es = C(0,0,1), a' (t) x œ” (t) = (absin t, —abcos t, a’), 
2 
then, by the linearity of the orthogonal part, a’(t) x a(t) 5 a” (t) =a b. 
C(a) = ai(t)er + a2(t)e2 + a3(t)es. Va = |la’(2)I| 
Since the e;s are images of an orthonormal basis under an = Va? + 82, 
orthogonal transformation, it follows that they are also F P 
orthonormal, that is is. flo’(t) x a” 
a= FE 
ei -ej = ĝij. a 
ava? +b? 
If we define p to be T(0, 0,0), then = —— 
(a? +b?) Ja? +8 
B= F(a) a 
=p+C(a) a +B? 
=ptayi(t)e: + a(t)e2 + a3 (tes. a!(t) x a(t) - a'""(2) 
This completes the proof of the first half. ua lla (t) x a” (t)? 
The first half of the proof also indicates how to prove the n a?b 
other half. Suppose now that # can be written as ~ a? (a? +8?) 
B=ptai(t)er + az(t)ez + az(t)es. EEEL UN 
Let T be translation by p and let C be the (unique) @ +0 
orthogonal transformation that maps We require 
(1, 0,0) e Va = UB 
(0, 1,0) — e . Ka = Kp. 
(0,0,1) 88 The first requirement forces 
Then, from the way we have defined F and the linearity += 
of C, 
and so the second then gives 
b= F(a) ua 
and the curves are congruent. ae 
It follows that 
2 
Solution 5.4 . be 
A : Either of the solutions for b would be acceptable, taking 
We begin by calculating the curvature and torsion of 8. það 


PA= V3 cost, —2sin t, V3 — cos t), 
B'(t) = (—V3sin t, —2 cost, sin t), 
B” (t) = (—V3 cost, 2sin t, cost); 


actually gives 

Ta = Tp, 
which makes finding the isometry slightly easier. Note 
B'A x Y(t) = (2V3 cost —2,—Asin t, ~2V3 — 2cos tfhat this ambiguity is to be expected, depending on 


Ht) x B'A BNA) = —8: whether we require æ to be a helix of the same 
BRE MA x ‘handedness’ as £ or not. 
f 


vp =| Ol With the choice of b as above, we can now find the Frenet 
=vy4+4 frames at t = 0 and, hence, the isometry. 
= 2/2; For 8 we have 
sep = UE x ON B'(0) = (1 + V3, 0, v3 — 1), 
oF 3 
v r EE E 
4/3 sce 
16/2 
th 
=F 
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B'(0) x 8” (0) 
I18’(0) x 8"(0)|| 
1 


= —=(v3 - 1,0,-Vv3-1), 


Ba(0) = 


Ng(0) = Ba(0) x Ts(0) 
= 50, —8, 0) 
(0, —1, 0). 


The corresponding results for a are 
a'(0) = (0, —2, 0), 
1 


Ta(0) = —=(0,1,-1), 
a'(0) x a” (0) 
Bol) = Tarto) x «(ODI 
1 
=—2(0,1,1), 
Fa ) 
Na(0) = Ba(0) x Ta (0) 
= (-1,0,0). 
If we let F = TC be the isometry such that 
F(a) = p, 
then the attitude matrices of the relevant frames are 
1 1 
? A VA 
isha a 0 
1 1 
"Oe 


and 
1+ v3 v3-1 
2V2 2V2 
pe 0 -1 0 
V3-1 o wve=1 
2/2 2V2 


Note that there is no sign reversal because the torsions 


are equal. 


The orthogonal part of the isometry is given by 
C ='B A, noting that, in this case, ‘B = B. 


C='BA 
1473 ö v3 -1 Taa 1 
2/2 2V2 v2 V2 
= 0 -1 0 =i 0 0 
v3-1 a -1 g te 2h, 
2/2 2/2 V2 V2 
pH ot 
2 2 
sia 0 0 
o -t -%3 
2 2 


We also have 
a(0) = (2,0,0), 
(0) = (0, 2,0). 
Since 
C(a(0)) = (0, 2,0) = (0) 


the translation part is the identity. Thus F is the 
orthogonal transformation defined by C. 
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Solutions to the exercises 


Introduction 


We now begin the study of surfaces. We shall tackle surfaces using essentially the 
same approach as we did with curves. We equip the surface being studied with 
a frame field and then use the rate of change of the frame field to give geometric 
information about the shape of the surface. 


On curves, we can move only along the curve, so derivatives of the Frenet frame 
were ‘ordinary’ derivatives with respect to the parameter (t or s) used to define the 
curve. On a surface there are two ‘degrees of freedom’; at any point there are two 
independent directions in which we could move. This corresponds to the intuitive 
idea that surfaces have tangent planes (two-dimensional) rather than tangent lines 
(one-dimensional) as curves do. 


We have already defined most of the tools we shall need. The covariant derivatives 
connection forms and structural equations give us the methods for discussing rates 
of change when we can move in arbitrary directions. We need to consider what 
happens to these general ideas when we restrict ourselves to moving about on a 
surface. 


Note: The section numbering below is that of the tert. There are no text sections 
corresponding to IV.6 and IV.8 of O'Neill. 


We begin, in Section 1, by defining what we mean by a surface in E3. Unlike curves, 
surfaces will be subsets of E. We shall require surfaces to be ‘two-dimensional’ 
and ‘smooth’. The smoothness will be ensured (as it was for curves) by requiring 
any functions involved in the definition to be differentiable. 


To formalize the notion of a surface being two-dimensional, we ask that near each 
point the surface ‘looks like’ a plane. By ‘looks like’ we mean that surrounding 
each point there is a region which is the image of a part of the plane E? under a 
well-behaved (differentiable) mapping. 


Unlike curves, we do not ask for a single function to produce the whole of a surface. 
If you would like an analogy, surfaces are defined in much the same way as children 
make papier maché masks: built up of small, overlapping pieces, each of which is 
a distorted piece of plane. The distortion must be gentle enough to be done by a 
differentiable function and the pieces must overlap smoothly with no sharp points 
or ridges. 


The definition of surface turns out to be a little unwieldy for practical use. We 
would expect that the set obtained by drawing the graph of a differentiable function 
f:E? —R, 
that is, the set 
M = {(p1, p2, p3) € E? : ps = f(p1, p2)}, 


to be a surface. We would also expect that the set of points satisfying a relation 
such as 


r? +y +z? =1 


(which defines a sphere) to be a surface. The next step after the definition is to 


prove a theorem that gives a practical test to determine whether a given subset of 
E? is a surface. 


The section concludes with some examples. 


Section 2 shows how a system of coordinates can be transferred from the plane 
E? to a surface and provides some further examples of surfaces. The system of 


coordinates will be the starting point for defining a frame field adapted to the 
surface. 


Section 3 is fairly technical in nature. We take some of the concepts of Part I: 
real-valued functions, tangent vectors and vector fields and show how they may 


Part II, Sections 5-8. 


Curves, you will recall, were 
functions. 


As usual, ‘differentiable’ 
means differentiable infinitely 
many times. 


be defined on a surface. We also show how the concept of differentiability can be 
defined for functions whose domain is a surface rather than the real numbers. 


Section 4 continues the work of Section 3 by defining what are meant by differential 
forms and exterior derivative on a surface. We need these definitions because they 
are essential for the connection forms and Cartan structural equations. As these 
equations are the analogues of the Frenet formulas, we are expecting to extract 
geometric information about surfaces from them. 


In Section 5, we consider mappings between surfaces. We do so for two reasons. 
One is, simply, that the possibility of mappings between surfaces exists, so curiosity 
demands that we investigate! The other is that mappings from a ‘standard’ surface 
to a new one can give geometric information about the new surface. 


Section 6 discusses some properties that surfaces may possess. The three considered: 
connectedness, compactness and orientability are grouped together because they 
are topological properties and do not depend directly on notions of differentiability. 
However, the only one we shall really consider is orientability. 


Finally, Section 7 provides a summary. 


Note: Sections IV.6 and IV.8 of O’Neill do not form part of M434. However, 
Section 6 does provide a link with the integral calculus that you have already 
studied in other courses. For this reason, there is an appendix to this text which 
discusses Section IV.6. The appendix is optional and is not assessed in any 
way. 


Section IV.8 provides a generalization of the concept of a surface which is important 
for further work but which is not needed for M434. 


Study advice 


The following represents a possible plan for study weeks. 

Week 1 O’Neill, Chapter IV, Sections 1-3. 

Week 2 O’Neill, Chapter IV, Sections 4, 5 and 6. 

This leaves 2 study weeks for the work on the first three sections of Chapter V 


and TMA03. You may well find tackling Sections 4, 5 and 6 in one week a rather 
heavier than average workload. 


1 Surfaces 


Read oneil: Chapter IV, Section 1, pages 124-131. 


In this section we begin the programme outlined in the introduction by defining a 
surface in E. 


Definition 1.1 The name coordinate patch should remind you of the papier maché 
analogy used in the introduction. This definition is very much a two-dimensional 
analogue of the definition of curve. 


In intuitive terms, the one-one requirement ensures that the image x(D) of D 
cannot cross itself. Since we require x to be a mapping, it must be differentiable. 
This ensures that x(D) is a smoothly distorted piece of plane with no sharp peaks 
or ridges. We comment on the purpose of regularity below. 


Our ‘standard’ surface will 
be a sphere. 


Proper patches It is not entirely clear from O’Neill why this idea is introduced. 
The reason is that requiring x to be a proper patch is enough to ensure that the 
image set x(D) is an open set. You may be aware of this from other courses, if not 
it does not matter. 


We want x(D) to be an open set for Definition 1.2 to work properly. 


There is a hint, in Fig. 4.1, as to why ‘coordinate’ appears in the definition. As 
usual, we assume that E? is provided with Cartesian coordinates. These provide a 
‘coordinate grid’ on the subset D which become a grid of curves on the image set 


x(D). 


The requirement for regularity of x ensures that the grid on the image will be a grid 
and not just one set of curves. At each point on D we can place two independent 
tangent vectors, one along each grid line. Since the images of these tangent vectors 
must be independent (by regularity), these images will be tangent to the ‘grid 
curves’ in the image. 


Thus x provides a ‘curvilinear’ coordinate system on the image set x(D), hence 
‘coordinate patch’. 


Definition 1.2 This is the definition that formalizes the papier mâché construction 
process for surfaces, although it is actually phrased as a test to apply to a set to 
detect if the set is a surface. 


You may find it useful to consider Definition 1.2 from the point of view of a creature 
living on the surface. The definition asserts that, wherever you are on the surface, 
you are within a set that looks like a smoothly distorted piece of plane. Because 
there is a neighbourhood surrounding you that is in the image of a proper patch, 
you cannot be on the edge of a distorted piece of plane. 


Note that a given surface may consist of the image sets of several different proper 
patches, as the examples in O’Neill show. However, where patches overlap they 
cannot just meet at a point or line. To see how patches overlap, suppose that 
the point p of a surface M is in the image sets of both x, and X2. Then there 
is a neighbourhood Nj of p contained in the image of xı and a neighbourhood 
No» of p contained in the image of x». The intersection of two neighbourhoods is 
a neighbourhood. (Because of the way O’Neill defines ‘neighbourhood’ in M the 
intersection of two neighbourhoods will be the smaller one.) 


Points and lines cannot contain neighbourhoods of any of their points, so patches 
must overlap in a whole region. This will be important for some of the later, 
technical theorems. 


The sphere Notice how the definition of surface in terms of proper patches makes 
for difficulties in verifying that the sphere is, indeed, a surface. 


The first patch defined in O’Neill cannot include the equator without breaking the 
condition that the image is an open set in the surface. 


Note that the matrix computed is the transpose of the Jacobian as defined earlier 
in the course. The domain of the patch x is a subset of E? and has dimension 2. 
The rank of the Jacobian is the same as the dimension of the domain and so x is 
regular. 


Notation This example introduces some notation that will be used consistently 
for surfaces. When we are dealing with E°, or an open subset D of E?, as the 
domain of a patch, we shall refer to the coordinate functions as u and v rather than 
x and y. A consequence is that partial derivatives appear as 

ð ô 

u and ao 
and the 1-forms appear as 


du and dv. 


That is, where the image sets 
of patches overlap. 


This does avoid confusion with the use of x for patches. However, it raises the 
possibility of confusion with u and v for tangent vectors. You may need to be quite 
careful in your work to indicate tangent vectors by underlining (where the printed 
text uses bold type). 


Theorem 1.4 The difficulty in checking something as straightforward as a sphere 
makes something like this theorem highly desirable. You are not expected to follow 
O’Neill’s outline proof because we do not expect you to have met the Implicit 
Function Theorem. You are expected to be able to apply the test provided by the 
theorem. 


Note that dg = 0 at a point p if, and only if, 


8p) = s Cp) = 28 Cp) =0. 


Surfaces of revolution Note that the definition given by O’Neill is very restric- 
tive: the profile curve may not cross (or meet) the axis of revolution. That means 
that, contrary to intuition, the sphere 
r? +y +l 

is not a surface of revolution! 

The definition is made restrictive to avoid the possibility of the ‘surface’ having 
a sharp point (if the profile curve meets the axis) or crossing itself (if the curve 
crosses the axis). The only ‘safe’ extension to the definition is where the profile 


curve is symmetric about the axis of revolution and crosses the axis at right angle 
(avoiding sharp points). This extension is dealt with in Exercise 12, page 133 of 


O'Neill. 

Exercise 1.1 O'Neill, page 131, Exercise 1. This exercise is intended to reinforce 
your intuitive understanding of the definition of surface. You should try to describe 
where and why the definition breaks down in each case. 

Exercise 1.2 O'Neill, page 132, Exercise 4. 

Exercise 1.3 O'Neill, page 132, Exercise 5. 

Exercise 1.4 O'Neill, page 132, Exercise 8. 

Exercise 1.5 This exercise concerns the subset M of E? defined by 


of 
M:z=2= Z 


and the mapping x : E? — E? defined by 
x(u, v) = (u +v, u — v, uv). 
(a) By expressing M in the form M :g = c, or otherwise, show that M is a surface 
in EŽ. 
(b) Show that x(u, v) belongs to M for all values of u and v. 


(c) Show that x is onto M by showing that every point in M can be expressed in 
the form x(u, v) for suitable values of u and v. 


(d) Show that x is a proper patch. 
[Solutions on page 32] 


2 Patch computations 


Read Onei: Chapter IV, Section 2, pages 133-140. 


Erratum O'Neill, page 136, the calculation of r~*g(x) should read: 
r~?9(x) = (cos v cos u)? + (cos vsin u)? + sin? v 
= cos? v +sin? v = 1. | 


In this section we show how patches provide a system of coordinates on a surface. 
We also start the process of abandoning patches as being rather restricting to work 
with and transfer our attention to parametrizations. These, roughly speaking, are 
patches with the one-one condition dropped. 


Parameter curves ‘The idea behind the notion of parameter curves is simple: 
they are the images of the coordinate grid in the domain of a patch. 


There is a tight link between coordinates in E?, or some open subset D of E’, and 
the parameter curves on a surface. Suppose that 


x: D — E? 


is one of the patches defining a surface M. We can write the equation of a line 
through 


(uo, vo) 
in D, parallel to the x-axis as 
a(t) = (uo, vo) + t(1,0). 
The image of œ under x is 
x(a(t)). 
By Definition 2.1, the velocity of x(a(t)) at t = 0 is 
Xu (uo, vo). 


But, because x is a mapping, the velocity of x(a(t)) is the image of the velocity of 
a under the derivative map x,y. 


However, the velocity of a is 
a(t) = (1,0) 

everywhere on a. Hence 
Xu(Uo, vo) = x4 (1,0). 


Using the notation of O’Neill for the coordinate functions of x, the Jacobian matrix 
for x, is 


Matrix multiplication by 


iy e 


then provides the expressions for the partial velocities near the bottom of page 134. 


Regularity The partial velocities provide a simple test for regularity of a mapping 
x:D—+ BE. 
The partial velocities form the columns of the Jacobian for x,. Regularity requires 


these columns to be linearly independent which is the same as requiring the tangent 
vectors x, and x, to be linearly independent. 


On the other hand, the cross product of two non-zero vectors is non-zero precisely 
when the vectors are linearly independent. Thus, x is regular whenever 


Ky X Ky £0 
everywhere on the domain of x. 


On page 136, O’Neill expresses x, x x, as a (formal) determinant. In this expres- 
sion, the U; must be interpreted as being composites 


Ui ox : (u, v) — U;(x(u, v)) 
so that all the functions appearing in the determinant have the same domain. (If 


this is not done, the U; have domain E°, all other functions have domain part of 
E?.) 
Examples The examples of the cylinder, surfaces of revolution and the torus will 


reappear from time to time in our work on surfaces. 


One simple version of the general cylinder is the circular cylinder where the curve 
C is a circle. For example, we could take 


C: ty =r? 
with parametrization 
a(t) = (r cost, rsint,0), tER. 
This gives a corresponding parametrization 
x(u, v) = (r cos u, rsin u, v) 
of M. 
The partial velocities are 
Xu(u, v) = (—r sin u, r cos u, 0), 
x(u, v) = (0,0, 1). 
Calculating the cross product, 
Xu (u, v) x x(u, v) = (r cosu, r sin u, 0). 


Because cos u and sin u cannot simultaneously be zero, the cross product is non-zero 
and the mapping x is regular, as predicted by the general argument in O’Neill. 


You might like to note that the tangent vector xy, X xy has the same coordinate 
functions as œ. Therefore it points along the normal to the surface. 


Actually, we ought to expect x, x X, always to be normal to the surface at x(u, v). 
This is because x, and x, are independent tangent vectors which are tangents (in 
the usual sense) to the surface and hence define the tangent plane to the surface 
at x(u,v). The cross product will be perpendicular to the tangent plane and so 
normal to the surface. We shall exploit this method of obtaining a normal to a 
surface later on. 


Ruled surfaces This concept is discussed in ONeill only in the exercises for this 
section. We think it is important enough to mention here. 


The basic idea is a generalization of the way cylinders were described by moving a 
line along a plane curve, keeping the line at right angles to the plane of the curve. 
The generalization involves two relaxations, allowing general curves in E® instead 
of plane curves and allowing more general rules than ‘keep at right angles to the 
plane of the curve’. 


This is the first example of 
using the same notation for a 
function defined on a surface 
and the composite of such a 
function with a patch. This 
abuse of notation will recur 
from time to time. 


An example of the method of construction may clarify the general procedure. 
Consider the curve 
a(t) = (t,t?,t°), TER. 


Suppose that we draw a line through each point of a in the direction of the tangent 
to æ at that point, in other words, in the direction of a’. We have 


a(t) = (1, 2¢, 3¢”). 


To get to a typical point on one of these lines we must go to a point on the curve and 
then along some multiple of the velocity vector. Thus we should define a mapping 
x by 


x(u, v) = a(u) + va' (u). 

As a check: 
x(u, 0) = a(u) 

and so the curve æ lies entirely in the image of x. Also 
x(u, v) = a'(u) 


and so the velocities of the v-parameter curves are constant and match the velocity 
of the curve a. 


It is fairly clear from the form of the v-parameter curves that they are straight lines. 
However, we can check that they are straight lines in the very restricted sense that 
O’Neill defined in Chapter II. The acceleration can be obtained by differentiating 
Xy with respect to v: 


Žau, v)=0. 
Since the acceleration is zero, the v-parameter curves are, indeed, straight lines. 
In this example we can give an explicit form for x: 
x(u, v) = (u, u?, u?) + v(1, 2u, 3u?) 
= (u +v, u(u + 2v), u’ (u + 3v)). 


The partial velocities are given by 


Xu(u, v) = (1, 2(u + v), 3u(u + 2v)), 
x, (u, v) = (1, 2u, 3u?). 


The cross product of the partial velocities is 
Xu(u,v) x x(u, v) = (—6u?v, 6uv, —2v). 

This product is only zero if 
usw = 0. 

So, if we define D to be E? with the origin deleted, then 
x:D— E? 

defines a regular mapping. 


If we restrict the domain further, to u,v > 0, then it is possible to show that x 
becomes a proper patch and hence that the image set is a surface. 


The general form of the above construction requires two functions: one to take the 
place of œ above and the other to define the direction of each line, taking the place 
of a! above. 


The general parametrization of a ruled surface is of the form 
x(u, v) = (u) + v6(u). 

As another example, the surface M defined by 
M:z=xy 
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This particular surface is 
called a saddle surface. 


has a parametrization that shows that it is a ruled surface. If we take the Monge 
patch suggested by the definition of M 


x(u, v) = (u, v, uv), 
then we can rewrite it as 

x(u, v) = (u,0,0) + v(0, 1, u) 

= A(u) + vô(u), 

where 

p(u) = (u,0,0), and ô(u)= (0,1, u). 
The fact that x can also be written as 

x(u, v) = (0,v,0) + u(1,0, v) 


suggests that both the u and v-parameter curves are straight lines. Thus M is an 
example of a ‘doubly ruled’ surface. 


We shall come across a number of surfaces which are, in an intuitive sense, curved 
and yet, like M in the above example, are generated by straight lines. 


Exercise 2.1 O'Neill, page 140, Exercise 1. 

Exercise 2.2 O’Neill, page 140, Exercise 2. 

Exercise 2.3 O’Neill, page 140, Exercise 5. 

Exercise 2.4 O’Neill, page 141, Exercise 6. Ignore the last part. 

Exercise 2.5 O’Neill, page 141, Exercise 7. 

Exercise 2.6 O’Neill, page 142, Exercise 10. Ignore the request for a sketch. 
Exercise 2.7 O'Neill, page 142, Exercise 11. Ignore the request for a sketch. 


Exercise 2.8 O’Neill, page 143, Exercise 12. Last part as for the previous exercise. 


(Solutions on page 33] 


3 Functions and tangent vectors 


Read ovneill: Chapter IV, Section 3, pages 143-149. 


Errata 
1 O'Neill, page 148, the statement of Lemma 3.8 should read as follows. 
If M : g = c is a surface in E? and if the gradient vector field 


(considered only at points of M) is never zero, then it is a non-vanishing normal 
vector field on the entire surface M. 

2 O'Neill, page 148, the first three lines of the proof of Lemma 3.8 should be 
deleted. E 


In this section we discuss the differentiability of functions whose domain or codomain 
is a surface (rather than all of E? or Eĉ) and the notion of a tangent vector being 
tangent to a surface. 


Differentiability When we discussed the calculus of E? and E3 (Parts I and H) 
one of the main requirements was that all functions should be differentiable, All 
definitions of differentiability were, ultimately, based on the differentiability of ‘or- 
dinary’ functions from R. to R. We shall take a similar approach here. There are 
two cases to consider: one where the surface is the domain and the other where it 
is the codomain. 


Looking at a particular version of the first case, suppose that we have a surface M 
and a function 


f:M —R. 


Now M must be defined by one or more (proper) patches. If x is one such patch, 
with domain D C E?, then the composite 


F(x) : (u, v) — x(u, v) — f(x(u, v)) 


is a function from D to R. in the sense discussed in Part I. We may, therefore, talk 
about the composite f(x) being differentiable. 


It is reasonable to define f to be differentiable if all the composites 
f(x) 


are differentiable for all the patches defining M. This is the motivation for the 
second paragraph of the section on page 143. 


In practice it is quite usual to define a function on a surface by giving the composite 
f(x). For example, suppose that M is the surface defined by the single patch 


x(u, v) =(u,v,uv), u,vER. 


To define a function f on M we must specify the value that f takes at each point 
of M. One way to do this is in terms of u and v, since each point of M is of the 
form x(u, v). Thus we can define, say, 


F(x(u,v)) = u? + 0? + u?0?, 

This definition of f is the same as defining 
f) = pi +p +p, pEM 

or 
f =x? +y? + 2°, domain of f is M. 


The definition of f in terms of the composite makes two things clear: firstly that 
the domain is M and secondly that the composite is differentiable. This is one of 
the reasons why failing to distinguish between f and f(x) is not too terrible an 
abuse. 


Note: This definition poses a problem for checking that such functions are differ- 
entiable; it is not enough to show that f(x) is differentiable for the patch(es) used 
to define M. Differentiability must be shown for all conceivable patches in M. 


This is a serious drawback and is remedied by the rather technical lemmas in the 
text. The end result is, reasonably enough, that the check needs to be made only 


for enough patches to cover the surface. (Thus in the above example, one patch is 
enough.) 


We now turn to the other case: where the surface is the codomain. The situation 
is the following. We have a surface M, a (proper) patch x and a function F from, 
say, E? to M 


DME. 


Following the same strategy as in the first case, we need a composite which is an 
ordinary mapping in the sense of Part I. The mapping diagram above gives a clue 
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This does define a proper 
patch. 


as to what to do. We make use of the fact that x is a proper patch to invert it to 
give 


piu te 
or, more conventionally, 
BS =, uw =p. 


This leads to the definition in the third paragraph of the section in O’Neill, defining 
F to be differentiable if all such composites 


x"(P) 
are differentiable as mappings. 


The lemmas in O’Neill reduce the need to check all patches to checking just enough 
to cover the surface. 


Proofs and results The proofs of 3.1-3.4 are not important, the results are. 


The result that we shall make most use of is Lemma 3.1 which describes exactly 
what curves in a surface look like. 


Tangent vectors Suppose that we have a surface M in E and a point p of M. 
Since p is a point of E°, it has its collection of tangent vectors—its tangent space. 
Some of these tangent vectors are of particular interest. Firstly those that are 
tangent to M (in the intuitive sense), secondly those that are normal to M. 


Definition 3.5 formalizes the intuitive idea of being tangent to M by defining a 
tangent vector to be a tangent to M if it is the velocity vector of some curve in 
M. This definition is close to intuition but not very efficient as a practical test. 
Lemma 3.6 provides the practical test. 


Note how the chain rule plays a central role in the proof of Lemma 3.6. There are 
some notes on the derivation of this form of the chain rule later in the commentary. 


There is a passing remark in the proof of Lemma 3.6 that is worth careful note: 
the partial velocities form a basis for the tangent plane at each point of x(D). In 
a lot of work with surfaces they are the ‘natural’ choice of basis for the tangent 
plane because they are tightly linked to the definition of the surface via its patches. 
Calculations are usually best carried out in terms of the partial velocities. We hope 
that this general principle will be reinforced by the examples that you will meet. 


There is an application of the chain rule used in the proof of Lemma 3.6 that is 
worth noting for its multiple uses. 


If x is a parametrization in a surface M and if 
a(t) = x(ai(t), a2(t)) 
is a curve in the surface M, then 


a! = xy (a1, a2)a4 + xX, (a1,a9)a. 


This result can be used to find curves that pass through a specified point with a 
specified velocity at that point. 


Vector fields Definition 3.7 is much as you might expect. The reason for paying 
attention to normal vector fields will emerge in Part V of the course. 


Lemma 3.8 gives one method of generating a normal vector: the gradient. From 
remarks earlier about partial velocities, it is tempting to use 


Xu(u, v) x xy(u, v), 


which is always normal to the surface, to attempt to define a normal vector field. 
This will not work for reasons that we explore in Section 6 of this text. 
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The chain rule The situation described in Corollary 3.4 arises frequently in our 
subsequent work. Although O’Neill does cover the corresponding version of the 
chain rule in an exercise, we think it important enough to deal with here. 


The general situation is the following: we have two mappings 
x: Dı — E>, 
y:D, — E’. 
We also have two functions 
u,v: Dy — Do. 
The problem is to relate the partial velocities of y with those of x. 


We have dealt with exactly this situation in our work on mappings in Part I. If we 
define a mapping F from D; to Dy by 


F : (u,v) > (U(u, v), (u,v), 


then we have 


y= x(F). 
It follows, by the composite rule for derivative maps, that 
Ye =F) R: 


The chain rule that we are aiming for is obtained by expressing this last equation 
in matrix form. To do so we need to use the coordinate functions of x and y. 


Suppose that 


x = (fi, fo, fs); 
Y = (91, 92,93). 
Then the Jacobian matrices for x, and y, are 
of Of ôn ôn 
ôu ðv ôu ôv 
dh Of | ma | Ome On 
du dv ôu ôv 
ôf  Ofs 993 89s 
Ou ðv ðu Ov 
(Note that the columns are the partial velocities.) The Jacobian matrix for F, is 
ôu dv 
a a 
ðu ðv 
Applying the composite rule gives 
ðn ên Of Ifa 
ðu ðv ðu v ôu ðu 
O92 Ago . | Oe el. ðu dv 
Be Be [MAT Eje | ue) 
O93 Ags dfs fs 9i u 
ðu ðv ðu ðv 
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The first column of the product is 


ôfiı ôu Of, _ ôT 
du (ms F ðv (45 


ðu 
Since 
— (2R 3f Ofa 
*— ( ðu’ ðu’ ðu 
etc., comparing the first columns of the composite rule equation gives 
s OW — _, OU 
Vu xul, 2) > + Xp (UW, v) Ju’ 
Similarly, the second columns give 
Ye =x txl) 2. 


Note how both partial velocities of x appear in each of the partial velocities for y. 
This form of the chain rule will be used frequently in our subsequent work. 


Directional derivatives The final definition in the section is of great importance. 
It is worth noting that something that was a lemma in E3 (Lemma 4.6 of Part I) 
has become the definition for surfaces. This strategy of using a result as the basis 
of a more general definition will be used again in Part VI. 


There are consequences of Definition 3.10 that O’Neill deals with in Exercise 4 
that we consider of sufficient importance to discuss here. (If you wish you could 
try Exercise 4 on page 149 before reading what follows.) 


We remarked above that it is often useful to work in terms of the partial velocities, 
since they form a basis for the tangent plane at each point. Thus it would be 
convenient to have a simple, general method of calculating 


Xul[f] and x,[f] 
for a real-valued function f on a surface. 


To be specific, we shall find 
vplfl, 


where 
V=Xu(Uo, vo) at p = x(up, vo). 


The ‘obvious’ curve through x(uo, vo) with velocity Xu(uo, vo) is the u-parameter 
curve 


a(t) = x(uo + t, vo). 
Applying the definition 
vin = ($4la)) 0 
= ( ATO a 2 set) e) Oh Thainin) 
a 
= (Zr) © 


= ŠON uo 9) 


Generalizing, we have 


_ OF(x) 
uff] = HO. 
Similar calculations give the corresponding result for xy: 
_ IF (x) 
xl] -g 


Example Suppose that M is the surface 
Mi z= ey 

parametrized by 
x(u, v) = (u,v, wv). 


Let f be the function giving the distance of a point on M from the origin, that is, 
f is the restriction to M of 


Va? + y? + 22, 


Then 


= Ze +y+2)\(u,v, uv) 


= 2, frie gp eye 

Ou 

i 1 ( 
2 Vu? + v2 + wy? 
u(1 +?) 

Vu? + v2 + uv? 


2u + 2uv?) 


Similarly 
v(1 +u?) 
wu? + vu? + ure?” 


xy(u, v)[f] = 


You may recall from Part I that we observed that directional differentiation (of 
various kinds) with respect to the natural frame field always reduced to partial dif- 
ferentiation with respect to x, y and z. The results above indicate that, on surfaces, 
we have a corresponding simplicity if we work with respect to partial velocities. All 
forms of directional differentiation with respect to the partial velocities will reduce 
to 


ðu Ov" 
The calculations above actually constitute a proof of this observation since covariant 
differentiation etc. are all based, ultimately, on the definition of 


vpl/f]. | 


In what follows we shall make heavy use of directional differentiation with respect 
to partial velocities, together with the chain rule. 


Exercise 3.1 ONeill, page 149, Exercise 1. The patch referred to is 


i j T T 
x(u, v) = (r cos v cos u, r cosv sin u, r sin v), TLU T, 9 S85 


Exercise 3.2 ONeill, page 149, Exercise 2. The parametrization referred to is 


x(u, v) = ((R + r cos u) cos v, (R + r cosu) sinv,rsinu), 0<r< R. 
Exercise 3.3 O'Neill, page 150, Exercise 5. 


Exercise 3.4 O’Neill, page 150, Exercise 8(a) and (b). 
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Exercise 3.5 Let M be the surface defined by the single patch x, where 
x(u,v) = (u,v, uv), (u,v) €E’. 

Let f be the function defined on M by 
FP) = pi + BS — ps. 

Find x,[f] and x,[f]. 

Exercise 3.6 Let x and y be mappings from E? to E? defined as follows: 
x(u, v) = (u,v, uv), 
y(u, v) = x(u? +v, u? — v?), 


Use both the chain rule and direct calculation to find yy (u,v) and y,(u,v) and 
check that your answers are the same by both methods. 


[Solutions on page 36 | 


4 Differential forms on a surface 


Read oeill: Chapter IV, Section 4, pages 152-157. 
a er a o 


Erratum ONeill, page 157, in Exercise 5, the first displayed line 
for vplg(f)] = 9'(f)vplf]. read vplo(F)] = 9'(f(p))vpLf]. a 


In this section we continue the process (begun in the previous section) of extending 
the definitions of Part I to surfaces. 


1-forms Since we have defined tangent vectors on a surface, the Part I definition 
of 1-form carries over directly to surfaces. 


Examples of 1-forms As with E?, one way of defining 1-forms is as differentials 
of real-valued functions. The definition of differential is just as for E3: 


df(vp) = vp[f]- 
The proof that df is a 1-form is exactly the same as the one given in Part I. 


Two special cases are of particular interest. For a surface M and a patch x in M, 
we define two functions as follows: 


ŭ:x(u,v)— u and õ:x(u,v)— v. 


Next we calculate the values of di and di on xy and Xo: 


dù(xu) = xy [i] di(x,) = x, [t] 
= Oii(x(u, v)) E ôù(x(u, v)) 
ðu Ov 
_ Ou : _ Ou 
Ou ~ ðv 
eL =0. 
dõ(xu) = xu[ò] dõ(x,) = x, [8] 
2 00(x(u, v)) = 00(x(u, v)) 
Ou ðv 
_ Ov _ Ov 
T ĝu ~ ðv 
=0. =, 


These are functions because 


patches are one-one. 
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These may remind you of the results that we obtained for E?: 
dx;(U;) = oz. 


From the above results we can calculate the values of dit and dé on any vector Vp 
tangent to M. We express vp in terms of the partial velocities as, say, 


Vp = ax,(u, v) + bx, (u, v) 
and then use linearity: 
du(vp) = dii(ax,(u, v) + bx, (u, v)) 
= adii(xy(u, v)) + bdd(x,(u, v)) 
=ax1+bx0 
= 
Similar calculations show that 
di(vp) =b. 


Thus, just as dx, dy and dz pick out the Euclidean components of a tangent vector 
in E, so di and dé pick out the x, and x, components of a vector tangent to a 
surface. 


Abuse of notation In spite of the fact that 
u and ã 


are different functions (they have different domains), it is usual to call both of them 
u. With this abused notation we write 


du(xy) = 1, 
du(x,) = 0, 
dv(x,) = 0, 
dv(x,) = 1. 


2-forms Definition 4.1 is the formal statement of the idea that was mentioned 
briefly in the commentary on differential forms in Part I. 


Just for reference, we spell out the linearity conditions. 
nav, + bv2, w) = an(v1, w) + bn(v2, w), 
nv, aw, + bw2) = an(v, wi) + bn(v, w2). 


Please note carefully the remark just after the proof of Lemma 4.2. This implies 
that once we know the value of a 2-form on a basis at each point of the surface, 
then we know all about the 2-form. We shall exploit this to define 2-forms by giving 
their effect on the basis consisting of the partial velocities. That is we shall often 
define a 2-form, 7 say, by giving 

Xu; Xv ). 
Lemma 4.2 then shows how to calculate the value of 7 on other tangent vectors. If 
we have two tangent vectors at a point defined by 

V=axy+bx, and w= cxu +dx,, 


then we apply Lemma 4.2 to obtain 


nvm) = |E $ u) = (ad tontun). 


Wedge product Definition 4.3 links the formal algebra of wedge products that 
we did in Part I with Definition 4.1. 
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u: (u,v) — u 
ŭ: x(u, v) — u. 


Example We have defined the 1-forms du and dv above. These enable us to define 
the 2-form du A dv. We can calculate the value of du A dv on (xu, Xy) as follows: 
(du A dv) (xu, xv) = du(x,) dv(xy) — du(x,) do(xu) 
=1x1-0x0 
el 
It follows, from Lemma 4.2, that 


(du A dv)(axy + bXv, CXu + dxy) = ad — be. a 


Exterior derivatives Our eventual aim is to use the connection forms and struc- 
tural equations to obtain geometric information about surfaces. The structural 
equations involve exterior derivatives of 1-forms, so these need to be defined for 
surfaces. As has been the case so far, the definition is given in terms of patches. 
This is the content of Definition 4.4. 


Because patches may overlap, Lemma 4.5 is needed to ensure that there is no 
conflict in regions of overlap. The reassurance provided by the result is important, 
the details of the proof are not. You may wish to note that the proof rests on 
several uses of the chain rule and the fact that 

ð Of _ a Of 

Ou dv ðv du’ 


The exterior derivative obeys the usual linearity and Leibniz properties. (O’Neill 
relegates the proofs to an exercise, but you are free to assume them.) 


Computational methods It is convenient to be able to work with differential 
forms in terms of du and dv. 


We now discuss some results which generalize the remarks made in O’Neill under 
Example 4.7. 


Firstly, suppose that we are given a 1-form ¢ on a surface M and that x is a patch 
in M. Then, ¢ is completely determined (in the image of x) by its values on xy 
and x,. Define the functions f and g by 


F(x(u, v)) = $(xu(u, v)), 
g(x(u, v)) = o(x,(u, v)). 
Then 
O(Xu(u, v)) = f(x(u, v)) du(xu(u, v)) + g(x(u, v)) do(xu(u, v)), 
(Xv (u, v)) = f(x(u, v)) du(xo(u, v)) + g(x(u, v)) do(xe(u, v)). 
Note: The second term in the first line and the first term in the second line are 
zero. 
Writing these two equations in ‘functional’ form shows that 
ġ = fdu+gdv. 
Thus any 1-form on M can be expressed as a linear combination of du and dv. 


If more than one patch is needed to cover M then the linear combination may 
change from image of patch to image of patch. However, the various lemmas proved 
in O’Neill guarantee that all will agree on any overlaps. 


We can now express the exterior derivative of a 1-form 


ġ = fdu+gdv 


We shall, in future, denote 
this wedge product by du dv. 


Compare this with E°, where 
we worked in terms of dz etc. 
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in terms of the wedge product du dv. Applying Definition 4.4 to ¢ gives 
ô ð 
dọ(xu, Xv) = ut) = Bp PX) 
ð ô 
= gu f) du) + g(x) dv(xy)) — gy C du(xu) + g(x) do(xu)) 


= £04 9%) - E+) 


_ 99(x) _ OF(x) 
~ ðu Ov ` 
However, we showed earlier that 


(du dv)(x,,x,) = 1, 


so 
asx) _ f(x) 
Ou Ov 


We can write this in functional form as 


dg = (29 - 4) du do. 


If we calculated dọ as in Part J, we would proceed as follows 
dọ = d(f du + g dv) 
= df ^ du + f d(du) + dg A dv + g d(dv) 
(linearity and two applications of Leibniz) 


PEA ( ) (dude), %). 


= df du + dg dv 
= (Laus Lav) du+ (Sedu Stav) dv 
= SI vdu + 28 dudo 

(32-21) didu 


The second set of calculations above involve the same abuse of notation as earlier 
when we ignored the distinction between u and ŭ. Since f and g are defined on M, 
for any patch x we automatically have the composites 


F(x), g(x): D — R, 


where D is the domain of x. As we have indicated, we are far from scrupulous 
about distinguishing between f and the composite f(x). 


Parametrizations In practice, we often work with parametrizations of a sur- 
face rather than collections of patches. For example, earlier we worked with the Example 2.6 of Section 2. 
parametrization 


x(u,v) = ((R+rcosu) cos v,(R+rcosu)sinv,rsinu), R>r> 0, (u,v) EE? 


of the torus of revolution T. Now x is not a patch, since it is not one-one. However, 
by using exactly the same rule but with a restricted domain, we can create a patch 
from x which covers part of T. Thus, choosing a domain D; 


Dı = {(u,v) E E? :0 < u < T/2,0< v< 1/2} 
gives a patch xı which covers part of T. 


If we choose a collection of domains, on each of which x is one-one, then we can 
produce enough patches to cover T. 


Now suppose that we have a function from T to R. defined by 


fP) =r +- pET. 
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On any of the patches obtained from x, the rule for the composite f(x) will be, 
after simplification, 


f(x) =(R+rcosu)? — r?° sin? u. 


Thus any calculations using the composites will look the same for all patches and 
lemmas such as Lemma 4.5 ensure that there is no conflict on overlaps between 
patches. 


We can say, for example, that 
df = (—2r(R + r cos u)sin u — 2r? sin u cos u)du + 0 dv 


working straight from the parametrization rather than with individual patches. 
All we need to know is that we could define a covering set of patches from the 
parametrization if we wanted to. 


Generally speaking it is more convenient to work with a single parametrization for A single parametrization may 
a surface than with a collection of patches. Most of the examples of surfaces in this not exist. 
course will have single parametrizations available. 


Exercise 4.1 O’Neill, page 157, Exercise 1. 


Exercise 4.2 Let M be the surface parametrized by the mapping 
x(u,v) = (u,v, uv), (u,v) € E°. 
(Note that x is actually a patch.) 


Let ġ and 4% be the 1-forms defined on M as follows. If Vp is a vector tangent to 
M at p=x(u,v), then 


(Vp) = V+ Xu(u, v), 
(vp) = v-x,(u,v). 
(a) Show that p = (—1,3,—3) is in M and that 
Vp = (1,2, 1)p 
is tangent to M. 
(b) Find ¢(vp) and Y(vp), where vp is as above. 


(c) Find the effect of ¢ and y on xu and xy. 
(d) Assume that 


¢=adu+bdu 


for some functions a and b. By using the results of the previous part, find a 
and b. 


(e) Express 7 as a linear combination of du and dv. 


Exercise 4.3 This exercise continues the previous one and uses the same defini- 
tions and notation. 


Calculate ¢ A 4%, expressing your answer as a multiple of du dv. Hence calculate 
(OA ¥)(Xu, Xv). 

Check this last result by using Definition 4.3 directly. 

[Solutions on page 38 | 
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5 Mappings of surfaces 


Read O'Neill: Chapter IV, Section 5, pages 158-164. 


Note: Theorem 5.4 and Example 5.5 will not be of any real importance in this 
course. 


We now turn to the problem of defining mappings between surfaces. Previously 
a mapping has simply been a differentiable function between Euclidean spaces. 
There is no difficulty about the idea of a function from one surface to another. 
What requires a little care is the definition of differentiability. 


Since two surfaces, M and N say, must each be defined by collections of patches, we 
transfer the definition of differentiability to the domains of the patches. Fig. 4.29 
and Definition 5.1 do this. 


This is the third application of ‘transfer to domains of patches’ to obtain definitions. 
If we summarize the definitions of differentiability in the three cases, the family 
resemblance may be clearer. 


Firstly, for a function f : M — R, we have 
D++M-4R 

and differentiability of f is defined in terms of differentiability of the composite 
fx 


Secondly, for a function F : E — M, we have 


PAM 


and differentiability is defined in terms of differentiability of the composite 
wip 


The latest definition is a combination of these two. For a function F : M — N, 
we have 


Gey LNE 
and differentiability is defined in terms of the differentiability of the composite 
y Fx. 


Having made the definition, there is the usual remark that it is sufficient to do the 
check for enough patches to cover both surfaces. 


Example 5.2 This example illustrates the fact that we usually work with paramet- 
rizations (rather than patches), in the knowledge that we could set up patches by 
using a suitable collection of domains. 


The rule, x, given for the geographical patch needs a domain restriction to prevent 
it being periodic. However, O’Neill acknowledges the problem in a comment and 
then ignores it! 


Probably the most important feature of this example is that it shows how mappings 
between surfaces are usually specified when we are working in E°. The mapping F 
is, effectively, defined by 


F(x(u, v)) = y(u, sin v). 


What we have done is to define the parameters of the image in terms of the param- 
eters of the point in the domain. That is, F is specified by giving the rule 


(u,v) — (u, sin v) 
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for the composite 

yl Fx, 
Uses We shall have one main application of mappings between surfaces. We shall 
consider a particular type of map between a surface M and the unit sphere. Since 


the unit sphere is, in some sense, a surface with a ‘standard’ shape, the amount of 


distortion needed to map M onto the unit sphere will give a measure of the ‘shape’ 
of M 


Derivative maps As in the case of mappings from E” to E”, we next discuss 
what mappings do to tangent vectors. 


Definition 5.3 is a generalization of the definition of 
Vpl. ] 
for a function f from M to R. It is made in terms of curves in the surfaces. 


Examples Whenever a definition like 5.3 is made, it is a good idea to apply it to 
the partial velocities. 


The partial velocities are the velocities of the parameter curves. It follows from the 
definition that 


Fy (xu) 


is the velocity of the image in N of the u-parameter curve in M, that is, 


F,(Xu(u, v)) = Žr, v)). 


The partial derivative can be calculated by using the chain rule that we have dis- 
cussed previously. 


As a concrete example, we shall pursue Example 5.2 of O’Neill a little further. 
There we have 


F(x(u, v)) = y(u, sin v). 


Hence, 


F.(xu(u, 0) = ČF lu, o) 


= Ž y(u,sinv) 
u 
zydai an x sie 
=y,(u,sinv Ju y,(u,sinv Du 
= y,(u, sin v). 
Similarly 
3 ô 
F (xv (u, v)) = Ou F(x(u, v)) 
ô y 
= apy (Hsin v) 
ge tne yee a. hod seen 
= ya(u sinv) > + yy (u, sinto) —a 


= cosvy,(u,sinv). 
We can check these results directly. We have 


F(x(u, v)) = (cos u, sin u, sin v), 


2 isd, v)) = (— sin u, cos u, 0), 


Ou 
2 Peetu, v)) = (0,0, cos v). 


These ideas will be made 
precise in Part V. 


This is because of the central 


role played by the partial 


velocities in providing bases 


for the tangent planes. 


Note the use of the chain 
rule. 
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But 
y,(u, v) = (— sin u, cos u, 0), 
ya(u, v) = (0,0, 1). 
So 
Ya (u, sin v) = (— sin u, cos u, 0) = F, (xu(u, v)), 
y,(u, sin v) = (0,0,1), 
and so 
cosvy,(u,v) = (0,0, cosv) = F,(x,(u, v)). 
Warning: The displayed line in the middle of page 161 of O’Neill is true but 
very misleading. 


The problem is that the result displayed seems to be in direct contradiction to the 
result that we obtained in the above example: 


F,(ay(u, v)) = cosvy,(u, sin v). 


There is no contradiction if you inspect the first paragraph on page 161. The 
displayed result applies to only the special case 


y(u, v) = F(x(u, v)). 


This is the case where the corresponding map between the domains of x and y is 
the identity: 


(u,v) — (u,v). 
In the example, we had 
(u, v) H+ (u, sinv), 
Hence the more complicated result. 


We strongly advise you to ignore the special case and always work from 
ô ô 
Pau) = F(x) and F(x) = F(x), 


together with the chain rule, as we did in the last example. 


We now know how to transfer points and tangent vectors from one surface to 
another: points are transferred using mappings, tangent vectors by using the asso- 
ciated derivative maps. We now turn to transfer of differential forms. 


Definition 5.6 The transfer of forms defined here is in the opposite direction to O’Neill talks about 
the transfer of points and tangent vectors. The mapping F transfers points from ‘pullbacks’ without x 
M to N. Similarly, the derivative map transfers tangent vectors on M to tangent explanation. We refer to F 


; ra as a pullback because it 
vectors on N. However, F* uses forms on N to define forms on M. transfers information in thè 


Example We shall develop Example 5.2 from O’Neill. We have the following ĦPP°site direction to J’, that 
mapping is from codomain to domain. 


F:X — C, where F(x(u,v)) = y(u,sinv). 


Now, like any surface, C has the 1-forms du and dv defined on it. As a reminder, 
they satisfy 


du(ay,, + by,) = a, 

dv(ay, + by,) = b. 
Let us find the 1-forms 

F*(du) and F*(dv) 


on ©. To know all about a 1-form we need its value on a basis of tangent vectors 
at each point; the logical basis to use (as ever) consists of the partial velocities, xu 
and xy. 


We shall make use of the results that we have found earlier, namely 
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F,(xu(u, v)) = y,(u,sinv), 
F,(Xy(u, v)) = cos v y„(u, sin v). 
Using Definition 5.6(1), 

(F* du)(xu(u, v)) = du(F.(xu(u, v))) 
= du(y,,(u, sin v)) 
=. 

(F* du)(x,(u, v)) = du(F.(xy(u, v))) 
= du(cos uy, (u, sin v)) 
= 0. 


(F* dv)(xu(u, v)) = dv( F.(xu(u, v))) 
= dv(y,,(u, sin v)) 
=0. 


(F* dv)(xv(u, v)) = do(F (xy (u, v))) 
= dv(cosuy,(u, sin v)) 


= cosu. 


These four results completely define F*(du) and F*(dv). If we compare the four 
results with the values of du and dv on the partial velocities on £, we see that 


F*(du) = du and F*(dv) = cosu dv. 
To give an example of F, acting on a 2-form, we shall calculate 
F*(dudv). 
Applying Definition 5.6(2) gives 
(F* (du, dv))(xu(u, v), xy (u, v)) = (dudv)(F.(xu(u, v)), Fu (x(u, v))) 
= (du dv)(y„(u, sin v), cos uy,(u, sin v)) 
= cos u(du dv)(y,,(u, sin v), y,(u, sin v)) 
= cosu. 


As we noted earlier, a 2-form is completely determined by its effect on the pair of 
partial velocities. Since, on E, 


(du dv)(xu(u, v), X(u, v)) = 1, 
we have that 
(F*(du, dv))(xu (u, v), Xy(u, v)) = cos u(du dv)(xy(u, v), x, (u, v)). 
It follows that we may say 
F*(dudv) = cosududv. 
Theorem 5.7 If pulling back forms is to work properly, then we need the results 


of this theorem. Only one detail of the proof is really important. The strategy in 
the only case that O’Neill actually proves is as follows. The two forms 


F'(dé) and d(F*(€)) 


are evaluated on a basis and the results shown to be equal. As usual, the basis 
chosen consists of the partial velocities. This is a good general strategy for showing 
that two 2-forms are equal. Their effects need be checked only for the pair 


Kinko): 


We have shown earlier that 
(dudv)(y u y,)=1. 
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Exercise 5.1 (This is a continuation of Example 5.2.) Let © be the unit sphere 
and C be the cylinder parametrized by 


x(u, v) = (cos v cos u, cos vsin u, sin v), 
y(u, v) = (cos u,sin u, v), 

respectively, and let F be the mapping from E to C defined by 
F(x(u, v)) = y(u, sin v). 


Let ¢ġı and ¢ be the 1-forms defined on C as follows. If vp is a tangent vector to 
C at p = y(u, v), then 


p(y) = v -ya(u v), 
b2(v) = v -ys (u, v). 


(a) Calculate the values of ¢, and ¢, on the partial velocities of y. Hence find the 
values of 


F*¢, and F*¢5 


on the partial velocities of x. 
(b) Calculate 


(F* (91 A $2)) u(t, v), xu (u, v)). 
Exercise 5.2 Consider the surface M defined by the single patch 
x(u, v) = (u,v, uv), (u,v) €E? 
and the mapping F from M to M defined by 
F(x(u, v)) = x(u +v, u — v). 
The vector field U is defined on M by 


= Xu(u, v) x xy(u, v) 
A EE 


The 2-form 7 is defined on M as follows. Suppose that Vp and wp are tangent 
vectors to M at the point p = x(u, v). Then 


n(v,w) =v x w: U(p). 
Find 

n(xu(u, v), xy (u, v)) 
and hence find 

(F*n)(xu(u, v), xo (u, v)). 
[Solutions on page 39] 


6 Topological properties 


Read O'Neil: Chapter IV, Section 7, pages 176-180. 


We need one definition from the (omitted) Section IV.6 of O’Neill. 


Definition A 2-segment in a surface M is a differentiable mapping from a closed 
rectangle in E? to M. That is, a mapping x 


x:D—M, 
where D = {(u,v) EE? :a<u<b,c<v< dh. 
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The ideas in this section are of great importance in the development of the subject 
beyond this course. However, we shall make rather limited use of them. The main 
one that we shall consider is orientability. 


Orientability This is a global property: its definition demands that there should 
exist a 2-form that is non-zero everywhere on the surface. However, we can always 
break up a surface into bits which are orientable by using the patches that define 
the surface. The image of each patch has to be orientable, for reasons that we shall 
discuss shortly. 


Normal vector fields There is an ‘obvious’ way to try to construct a normal 
vector field on a surface: use the cross product of partial velocities. Formally, for a 
patch x of the surface M, consider 


Xu(u,v) x x(u, v). 


This is certainly normal to the surface at each point where it is defined. The problem 
of using this cross product to define a vector field on M arises on the overlap of 
patches. To see why, we have to recall some results from earlier in O’Neill. 


If two patches x and y overlap in M, then, in the overlap, there are functions ŭ& 
and @ such that 


y(u, v) = x(t, č). 


Two applications of the chain rule give 


Ou 0 
Yalt v) = u(t, DST t OS, 
Ou 06 


yy (u,v) = u(t, ò) + xv (i, 0) =. 
Careful algebra gives 
du 00 = UID ai BiN 
Yulu,v) x y (u, v) = (zz — E) Xu (ü, Č) x Xa (&, T): 
We cannot be sure that the factor in brackets is 1. Thus the ‘definition’ using the 
cross product is possibly inconsistent on overlaps. 


What went wrong above is also the clue to the remedy: use the cross product to 
define a unit normal vector field. That is, define U (x(u, v)) by 


x 
jenaj SE Bee 
xu (u, v) x x(u, v)|| 
The fact that x is a patch, and hence one-one and regular, ensures that the norm 
is uniquely defined and never zero. The one-one property ensures that each point 


p of M arises from just one pair (u, v) of parameters. (See the exercise on Möbius 
bands below.) 


Since the only difficulty we ran into with overlaps was with the size of the normal, 
not its direction, this modification solves the problem. 


Since every surface can be covered by a collection of patches, we can define a unit 
normal vector field on the image of each patch by this method. The unit normal 
cannot vanish and so the image of each patch is orientable, even if the complete 
surface is not. 


This method of constructing unit normal vector fields is of considerable use in 
Part V. It can be extended carefully from patches to parametrizations in cases 
where all choices of parameters for a given point give the same result. 


Because of its relative unimportance for this course, we have set only one exercise 
in this section (on Möbius bands). 
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Exercise 6.1 (This exercise is based on O’Neill, pages 180-181, Exercise 7.) Let 
the curves 8 and 6 be defined by 


Blu) = (cos u, sin u, 0), 
6(u) = cos(u/2)(u) + sin(u/2)U3. 

We define the Mobius band M to be the image of the parametrization 
x(u, v) = (u) + vd(u), -} <u< 3. 


(a) Calculate the partial velocities and hence show that x is regular. You may use 
the results of Exercise 2, Section 2. 


(b) The point p = (1,0, 0) lies in M, since 
p = x(0, 0). 
Show that it is possible to find a value uo of u with the following properties. 
P = x(uo, 0), 
Xu(uo, 0) = xu (0,0), 
Xy(uo, 0) = —x,(0, 0). 


Now, suppose that M is orientable so that there exists a non-vanishing normal 
vector field Z on M. 


Define a real-valued function f on M by 
L(x(u, 0) = xu(u, v) x xu (u, v) - Z(x(u, v)). 
(c) Explain why f is differentiable, and hence continuous. 


(d) Show that f must vanish somewhere on the parameter curve v = 0 and deduce 
that M is not orientable. 


[Solution on page 40] 


7 Summary 


Read ovneill: Chapter IV, Section 9, pages 187-188. 


We have now extended most of the ideas from calculus on E” to surfaces in E3. 
One or two definitions still need to be made, including that of covariant derivative. 
However, these will be based on the definition of 


vplf] and Vf] 
for surfaces. (Just as they were in E”.) 
A number of useful principles have been established. The most useful are probably 
the following. 
(a) Where possible, work in terms of the partial velocities. 


(b) All forms of directional derivative with respect to the partial velocities reduce 
to partial differentiation with respect to the parameters. 


(c) Showing equality of forms is best tackled by evaluating on the basis consisting 
of partial velocities. 


The partial velocities of patches, and of parametrizations, have played a central 
role in this text and will continue to do so in the next. 
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8 Appendix: integration 


Read O'neil: Chapter IV, Section 6, pages 167-173. 


This appendix is included in case you have been wondering about the link between 
differential forms and integration. 


In the integrals that you have met, for example 


1 
J 2x dz, 
0 


the expression after the integral sign is what we are now calling a 1-form. More, 
since 


2z dx = d(x”), 
this particular 1-form is the exterior derivative of a function (0-form). 


We can express the evaluation of the above integral as follows: 


[ 2ede= | de) 


= [e’] 
= (z°)(1) — (2°)(0) 
=1-0=1. 
This suggests that we could state the Fundamental Theorem of Calculus as follows. 
If ¢ is a 1-form on R. and 
o=df 


for some function f : R — R, then 


b 
J ¢=10)- 1. 


The definitions in this section of O’Neill seek to extend this definition in two ways. 
Firstly, to cases where ¢ is a 1-form on a surface. Secondly, to integration of 2-forms. 


The first extension is the content of Definition 6.1. In the special case that the 1- 
form is the exterior derivative of a function we obtain Theorem 6.2 as an extension 
of the Fundamental Theorem of Calculus. 


Definitions 6.3 and 6.4 and Theorem 6.5 provide the extension to 2-forms. 


We shall not set any exercises on this section but the following worked example 
provides some motivation for one of the 2-forms that will be of concern later on. 


Example In this example we shall consider the unit sphere ©, parametrized by 
Xu(u, v) = (cosucosv,cosusinv,sinu), (u,v) € E?. 


We note that, by defining a suitable collection of subsets of E”, we could use x to 
create a covering of proper patches for E. 


We now construct a unit normal vector field on E by using the partial velocities. 


Xu = (—sin u cos v, — sin usin v, cos u), 
Xy = (— cos u sin v, cos u cos v, 0), 


Xu X Xy = (— cos” u cos v, — cos” usin v, — cos usin u(cos? v + sin? v)) 


= — cos u(cos u cos v, cos usin v, sin u). 


2 


kak x» ||? = cos” u(cos” u cos? v + cos? usin? v + sin? u) 


= cos? u. 


M101, M203 and MST204 


M101 and M203 
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From the last two lines we can see that either of 
Xa A 
cos u 


would define a unit normal. We choose to define 


U(x(u,v)) = “= * 


cosu 
= (— cos u cos v, — cos u sin v, — sin u). 


Strictly, we should check that all choices of u and v for a particular point lead to a 
unique value of U. We shall not do so, although all is well. 


Next, we use U to define a 2-form on X. If v and w are tangent vectors at p = 
x(u, v), then we define the 2-form ņ by 


n(v,w)=vxw-U. 
It is not difficult to check that 7 is, indeed, a 2-form. 
If we evaluate 7 on the partial velocities, then we can express 7 in terms of du dv. 
WR Rol Hy KEL 
=cosuU-U (from the definition of U) 


= cost. 
The last step uses the fact that U is a unit vector field. 
Comparing this result with 
(dudv)(Xu, Xv) = 1, 
we have 
n= cosu du dv. 


Let us now try integrating this 2-form over the ‘northern’ hemisphere, H defined 
by 


0<ust and 0<v< 2r. 

Theorem 6.5 can be applied provided that we can find a 1-form, ¢, such that 
n= dd. 

Suppose that ¢ = adu+bdv. Then, from first principles, 


dọ = (Zau + Stav) du + (Zau Sedo) dv 


Ou dv ðu dv 
ôb Oa 
> (5 = Sa) du dv. 
If dé = n, then we want 
oh we cosu 
ðu æ ` 


If we choose 
b=sinu and a=0 
then the requirement is satisfied. 


Since the boundary of the northern hemisphere is the equator a defined by u = 
0, 0 < v < 2x, Theorem 6.5 gives 


hols 
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We could also have used 
Example 4.7 from O’Neill. 


We now apply Theorem 6.2 to ¢. Since we have u = 0 on the equator, 


= 2h. 1 | 


The significance of this result is that it is half the surface area of the sphere. (You 
may know the formula 47r? for the area of a sphere of radius r). 


The process of constructing 7 can be generalized to any patch on any surface. The 
resulting 2-form is usually known as the area 2-form. The example above indicates 
why: integrating the area 2-form over a region gives the area of that region. 


There is a geometric connection with areas that makes the result above intuitively 
reasonable. Two tangent vectors v and w at a point define a parallelogram. The 
magnitude of their cross product is 


Iivi] wl sin@, 


where @ is the angle between them. This is also the (signed) area of the parallelo- 
gram defined by the vectors. The effect of the definition 

n(v,w)=vxw-U 
is that n(v, w) gives the area of the parallelogram. Thus 7 is closely connected with 


ideas of area. 


We shall not pursue integration of forms further. However, the brief discussion 
above does indicate the links both with previous work and with some that is to 
follow. 
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Solutions to the exercises 


Solution 1.1 


(a) Cone The problem here is the point (vertex) of the 
cone. There is no well-defined tangent plane at the point 
and so the point cannot be in the image of a patch (let 
alone a proper patch). 


(b) Closed disc The points on the rim of the disc 
cannot meet the requirement of having a neighbourhood 
contained in the image of a proper patch. They fail 
precisely because they are right on the edge. 


(c) Folded plane To understand exactly what goes 
wrong here, we need to decide what the set is. The 
condition 


ty =0 
forces x = 0 or y = 0. Taken together with the condition 
z>0, y20 


this means that we have half the plane z = 0 and half the 
plane y = 0. These meet along a sharp edge: the z-axis. 
Thus M fails the ‘smoothness’ test. 


Solution 1.2 


For each mapping we test for being one-one and regular. 
(Each is a mapping because all the coordinate functions 
are differentiable.) 
(a) Suppose that 
x(u1, 01) = X(u2, v2). 
Then 
(u1, w101, v1) = (u2, w2 v2, v2) 
=> Uy = U2, UV) = U2QU2, Vy = V2 
(comparing coordinates) 
=> (w1, v1) = (u2, v2). 
Hence x is one-one. 


The Jacobian matrix for x, is 


1 0 
v u 
0 1 


Looking at the zeros and ones, we can see that the 
columns are linearly independent and so the matrix has 
rank 2. Thus x is regular. 


This completes the proof that x is a patch. 
Note that x is actually a proper patch since the inverse 
(P1, P2, Ps) + (Pi, pa) 
has continuous coordinate functions. 
(b) First we tackle the one-one property. 
x(u1, v1) = x(u2, v2) 
>u =u, u? = us, vi = v2 
> u? = us 
=> u = uz 
(u — u? is one-one) 
=> (u1, v1) = (u2, v2). 
Thus x is one-one. 


The Jacobian is 


2u 0 
3u? 0 
0 ol 
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The rows are not independent in the case u = 0 because 
the matrix reduces to 


0 0 
0 0 
0 1 


Thus x is not regular everywhere on its domain and is 
not a patch. 


(c) We adopt the same approach as above. 
x(u1, v1) = X(u2, v2) 
= (ur, uj, vi +07) = (wa, u, v2 + v3) 
> u = üz; u? =u, v +o =o +03. 
From the above we can deduce directly that ui = ue. 
Getting at the vs is slightly more work. 
vto =v + v3 
> U1 -vn +v — 3 =0 
=> (vı — v2) + (v1 — v2) (v? + vive + v3) = 0 
=> (vı — v2)(1 + vp + vv +03) = 0. 
Now, completing the square shows that 


1+ of + ov H =1+ (o i ayga 
Si 
Hence we must have 
v-v =0 
v = v2. 


That completes the proof that x is one-one. 


The Jacobian is 


aL 0 
2u 0 
0 143%? 


The first and last rows show that the matrix has 
independent columns and so has rank 2. Thus x is a 
patch. 


Note: Itis true, although not obvious, that x is a 
proper patch. The inverse of 

viv ++ v? 
is continuous even though it is difficult to express 
explicitly. 


(d) Because the domain is the whole of E?, the 
appearance of cos 27u prevents x from being one-one. A 
counterexample provides a complete proof. 


x(0, 0) = (cos 0, sin 0, 0) 
= (1,0, 0) 
= (cos 27, sin 0, 0) 
= x(1,0). 
We would not expect different values of v to be any use 


in constructing a counterexample because of the 
appearance of v in the third coordinate function of x. 


Since x is not one-one, it is not a patch. Calculation of 
the Jacobian would show, however, that x is regular. 


Solution 1.3 
We apply the dg Æ 0 test in each case. 
(a) Here we define 
= (2? + y?)? 4327 
and then M becomes 
M:g=1 
and we can apply the test. 
dg = 2(2? + y?)2x dx + 2(x? + y”)2y dy + 6z dz. 
The only way we can have dg = 0 is when 
z=y>2=0. 
However, £ = y = z = 0 do not satisfy g = 1 and so dg 
cannot be zero on M. Hence M is a surface. 
(b) We consider 
g = z(z — 2) + £y. 
We have 
dg = ydx + x dy + 2(z — 1) dz. 
We have dg = 0 when 
a ARE EAA 


Now, M will be a surface provided that these values do 
not satisfy g = c. We have 


g(0,0,1) = —1. 
So, M is a surface for all values of c except c = —1. 
Solution 1.4 


We first show that x is one-one. 
x(u1, v1) = x(u2, v2) 
= ul =u}, uvi = vara, V? = 03. 
Now, because of the restriction of the domain to positive 
values of u and v, we can deduce u1 = uz and vı = v2 
from the equality of their squares. (Note how the 


property of being one-one depends on the domain as well 
as the formulas.) 


We also have that x is regular because the Jacobian is 


2u 0 
e ud. 
0 w 
The only values that would give this a rank of less than 2 


are u = v = 0 which are excluded from the domain. 


The formula for the inverse is obtained from 


(u?, uv, v?) = (pr, po, pa) 


to give 

x71: (p1, P2, ps) > (VP, Va): 
Or 

x7 = (Vz, V2). 


From this, x™* is continuous and x is a proper patch. 


Solution 1.5 
(a) If we rewrite the definition of M as 
ae: 
M:= 7 C T 0, 
We can see that this is 
M:g=c, 
where 
2) 2 
g = r —z and c=0 


Now 
dg= dadz — dy dy — dz 


which cannot be zero because of the third term. Hence 
M is a surface. 


(b) We must show that x(u, v) satisfies the equation for 
M. Since a point p lies on M if, and only if, it satisfies 


a -:) (p) =0, 


we evaluate that function on x(u, v). We have 


( ran -=) (x(u, v)) 
-(¢ T = 2) +ou- vu) 


H ((u py = (u- v)’) — uv 

= 3(u? +2uv +0? — wv? +2uv — v7) — uv 

t4uv — uv 
=0. 

Thus x(u, v) lies in M for all u and v. 

(c) To show that x is onto M we must show that 
x(u, v) = (pi, p2, pa) 

can be solved for u and v for any point 


P = (p1, p2, Ps) 
on M. 


We require 


i 


utv=pi 
u—v= pm 
uv = p3. 

The first two equations can be solved to give 

u= (pr + po) 

v= }(m — p2). 
It remains to show that these values also satisfy the third 
equation. 


wv = į (pi + p2)(P1 — p2) 
4 (pi — pa) 
=p 


The last step follows because p lies on M and so satisfies 
the equation for M. 


(d) The fact that we were able to solve the equations 
above uniquely shows that x is one-one. The inverse 


(P1, p2, P2) — (F(p1 + p2), 3(P1 — p2)) 
is continuous. 


It remains to show that x is regular. The Jacobian is 


1 1 
L et Ile 
v u 


The ones and minus ones show that the columns are 
independent and the matrix has rank 2. 


This completes the proof that x is a proper patch. 
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Solution 2.1 


(a) The technique from Example 2.5 of O’Neill applies 
directly. We have a parametrization of C as 


a(t) = (t, cosh t, 0) 
so 
g(u) =u, h(u) =coshu, 
leading to the parametrization 
x(u, v) = (u, cosh u cos v, cosh u sin v). 
(b) We must first parametrize C. Now, C is a circle, 
centre (0, 0, 2), radius 1 in the yz-plane. This suggests 
a(t) = (0, cos t, 2 + sin t). 
We are rotating about the y-axis, so the function 


corresponding to g in Example 2.5 is the y-coordinate 
function. This leads to the parametrization 


x(u, v) = ((2 + sin u) cos v, cos u, (2 + sin u) sin v). 
Note: In any of these parametrizations the roles of 
cos v and sin v may be interchanged if you wish. 


(c) The way in which C is defined suggests the following 
parametrization of C. 


a(t) = (t, 0,47). 
Since we are rotating about the z-axis, the g function is 
the third coordinate function of a. This gives 


x(u, v) = (ucosv, usin v, u°). 


Solution 2.2 

We know that the norm of the cross product is given by 
Ixu x xel? = Jjxu Plx? sin? 8, 

where @ is the angle between the partial velocities. 


However, we also know that 


B=Xu-Xu 
= |[xull?s 
F=xXu $x» 
= [ull lxv l| cos 8; 
GaReX 
= |x. 
Hence 


[Pu x xv ||? = Ixu? sin? @ 
= Ja Pll? C — cos? 0) 
=EG-F°. 
Since x is regular if, and only if, 
Xu X Xv £ 0, 
it follows that x is regular if, and only if, 


EG- F?’ £0. 


Solution 2.3 
We start by calculating the partial velocities. 
Xu(u,v) =0 + v8 (u) 
= v6'(u); 
Xo(u,v) = 0 + ô(u) 
= 6(u). 
The mapping x will be regular if, and only if, the cross 
product is non-zero. We have 
Xu(u, v) x Xu (u, v) = vô'(u) x ê(u). 
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Thus z is regular wherever both v and ô’ x 6 are 
non-zero, as claimed. 


Solution 2.4 


Using the same approach as in the previous solution we 
have: 


Xu(u,v) = p'(u), 
Xv(u,v) =q, 
Xu(u,v) x x(u, v) = p'(u) x q. 
The result follows. 


Solution 2.5 


(a) We start by tackling regularity and then deal with 
the one-one property. 


Xu(u, v) = (cos v, sin v, 0), 
Xv(u,v) = (—u sin v, u cos v, b), 
Xu(u, v) X Xv(u, v) = (bsin v, —bcos v, u). 


We are given b Æ 0 and cosv and sin v cannot be zero 
simultaneously. Thus 


Xu(u,v) X Xs (u, v) #0 
and x is regular everywhere. 
Now we prove that x is one-one. Suppose that 

(u1 cos v1, u1 sin v1, bv1) = (uz cos v2, u2 sin v2, bvz). 
Since b # 0, comparing the last coordinates gives 

vi = U2. 


Since at least one of cos v; or sin vı is non-zero, we can 
deduce that 


U1 COS V1 = U2 COS V2 = U2 COS V1 
or 

u sin v1 = U2 Sin v2 = uz Sin v1. 
In either case, 

Uy = Up. 
Thus x is one-one and regular, hence a patch. 
(b) Fixing v = vo gives 

x(u, vo) = (u cos vo, usin vo, bvo) 

= (0, 0, bvo) + u(cos vo, sin vo, 0), 


which indicates that the u-parameter curves are straight 
lines. 


Fixing u = uo gives 
x(uo, v) = (uo cos v, uo sin v, bv), 


which defines a (circular) helix. (This gives some 
indication of where the name helicoid comes from.) 


(c) Provided that we avoid places where cos v = 0 or 
u = 0, we can write 
usin v 


= tanv. 
ucosv 


This suggests an implicit equation of the form 


We can restore the excluded values by rewriting this as 


y=rtan-. 


Thus 
H:g=c, 
where 
g=y—stané, c=0 


Solution 2.6 Now, cosh u is never zero and cosv and sin v cannot be 


We can actually use a single proof to show that all three simultaneously zero 2 the first two components cannot 
are surfaces. Each is given in the form both be zero and x is regular. 
=c Now 
g zr? y z? 
and we have aa oe g= cosh? u cos? v + cosh? sin? v — sinh? 1 
re: e P c 
dg = ~ dz + = dy + —dz. A r 
s= @ I= ga = cosh? u(cos? v + sin? v) — sinh? u 


In each case, dg = 0 if, and only if ENN E AEE 


l =1. 
Hence x(R) C M and x is a parametrization of M. 
The image x(D) is the whole of M. 


(c) Using the same approach as above: 


c=y=2z=0. 

In none of the cases does the origin satisfy 
g=e. 

It follows that all three are surfaces in Eĉ. 


Now we tackle the parametrizations and images for each 


i H Xu = (a cosh u cos v, bcosh usin v, csinh u 
surface in turn. We assume that, in all cases, u=( , > )s 


Xv = (—asinh usin v, bsinh u cos v, 0), 


ee be sinh? inh? usin v, absinh u cosh 
i age Xu X Xy = (—besinh* u cos v, —ac sinh” usin v, absinh u cosh u 
To show that x is a parametrization, we must show that h X C A j g > 
x is regular and that each point of the image lies in the = sinh u(—besinh u cos v, —acsinh u sin v, ab cosh u). 
surface. To shorten some of the long expressions, we shall The restriction u # 0 ensures that sinh u is non-zero, 
omit the parameters (u, v). cosh u is never zero and cosv and sin v cannot be 
(a) We apply the cross product test for regularity. simultaneously zero. Hence x is regular. 


å r : We have 
Xu = (—asin u cos v, —bsin usin v, c cos u), 


a p 2 
Xv = (—a cos u sin v, bcos u cos v, 0), s>+5-S ] (x) 


2 p x 
Xu X Xy = (—bc cos? u cos v, —ac cos? usin v, —absin u cos u) 


. $ . 72 2 
sinh? u cos? v + sinh? usin? v — cosh’ 


: 2 
sinh? u — cosh? u 
=-1. 


For the values of u given, 


cosu #0 y 
‘ n So x(D) C M and x is a parametrization of M. 
and cos v and sin v cannot be zero simultaneously, so the ard 
cross product is non-zero. Hence x is regular on D. The restriction u # 0 means that 
Also, x(D) lies in M because geing 
ey 2 2 2 2 2 ond 69 
stata] ()= ucos“ v s“ usi 2 
atpte (x) = cos +o n'v Ssn 
c 
. 2 3 ' 
+ sin” u This excludes the two points 
= cos? u(cos” v + sin? v) (0,0, tc), 
. 2 š . j 
+sin“ u both of which satisfy the equation for M. Thus the image 
= cos? u + sin? u is all of M except these two points. 
=1. 
The restriction 
T euz 
2 2 
means that sin u lies in the range 
-l<sinu<1 
and cos u in the range Solution 2.7 
0 < cosu <1. (a) We can use the dg # 0 test if we rewrite the 
Since v is unrestricted, we have definition of M as 
—a < acosucosv <a, M:g=0, 
—b < bcosusinv < b where 5 ‘ 
—c < csinu < c. g= 54+ 5-2 
Thus the image x(D) is all of M except the two points We have 
0,0,-+c). 2. 2 
(0,0, 6) dg = det Z dy —- dz #0 
(b) Here a b 


á 2 : Hence M is a surface. 
Xu = (a sinh u cos v, bsinh usin v, c cosh u), 


r Next, we show that x is a parametrization. 
Xy = (—a cosh usin v, bcosh u cos v, 0), 
2 2k Xu = (acos v, bsin v, 2u 
Xu X Xy = (—bc cosh“ u cos v, —ac cosh” usin v, a= ag »2u), 
s Xy = (—au sin v, bu cos v, 0), 
ab cosh u sinh u) z a ) 
x Xu X Xy = (—2bu* cos v, —2au* sin v, abu). 
cosh u(—bc cosh u cos v, —ac cosh usin v, i e= e j 


ll 


Since u > 0 and cosv and sin v cannot both be zero, x is 


absinh u). 
regular. 
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2 yp 
( + 4 (x) u? cos? v + u sin? v 


2 
=u 


= z(x(u, v)), 


the image set of x is a subset of M. Hence x is a 
parametrization of M. 


The restriction u > 0 excludes the point (0,0,0) which 
lies in M. 
(b) Points on the parameter curve u = uo have the form 
(auo cos v, buo sin v, ug) 
and satisfy 
2 2 
wae + Bal sh d ua. 
These curves are, therefore, ellipses. 
Points on the parameter curve v = vo have the form 
x(u, vo) = (au cos vo, busin vo, u?) 
= u(a cos vo, bsin vo, 0) + u? (0, 0,1). 


The parameter curve, therefore, lies in the plane defined 
by the two vectors 


(acosv,bsin vo,0) and (0,0,1). 
If we introduce a ‘w-axis’ in the direction of 
(a cos vo, bsin vo, 0), 
the equation of the parameter curve becomes 
z= w?. 
This shows that the parameter curve is a parabola. 


The nature of the parameter curves indicates why the 
surface is called an elliptic paraboloid. 


Solution 2.8 


(a) We must show that x is a proper patch and onto M. 


We have 
Xu = (a,b, 4v), 
Xv = (a, —b, 4u), 
Xu X Xv = (4b(u + v), 4a(v — u), —2ab). 
Since, for the definition of M to make sense, a,b 4 0 the 
cross product is non-zero and x is regular. 


Since 
2 yp 
(=- iz ) = (uto? ~ (uo) 
= u? + 2uv +0? — u? + Quo — v? 
= 4uv 
= 2(x), 


the image set of x is a subset of M and x is a 
parametrization. 


Finally, suppose that 


P = (pı, P2, ps) 
belongs to M. Then we can solve 
pı =a(u+v) 
po =b(u — v) 
to obtain 
1 /p 
=5 (229) 


b 
colli zæ) 
v= (2 b) 
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We have expressed p in the form 
p= x(u,v) 
for suitable u and v and so x is onto M. 
(b) The two ruled forms are 
x(u, v) = (au, bu, 0) + v(a, —b, 4u) 
x(u, v) = (av, —bv, 0) + u(a, b, 4v). 
(c) Writing the parameter curves in the forms 
X(uo, v) = (auo, buo, 0) + v(a, —b, 4uo), 
x(u, vo) = (avo, —bvo, 0) + u(a, b, 4vo), 
shows that they are straight lines. 


Solution 3.1 
We calculate the expressions f(x) in each case. 
(a) Here we have f = x? + y?, so 
f(x(u, v)) = r?° cos? v cos? u + r°? cos? v sin? u 
=r’ cos? v(cos? u + sin? u) 
= r° cos’ v. 
(b) This time 
f(x(u, v)) = (r cos v cos u — r cos vsin u)? + r°? sin? v 
= r? cos? v(cos? u + sin? u — 2 cos usin u) 
+r’ sin? v 
= r° cos? v(1 — sin 2u) + r° sin? v 
=r? — r? cos? vsin 2u 


= r?°(1 — cos? vsin 2u). 


Solution 3.2 
(a) We calculate x(a(t)). 

x(a(t)) = ((R + r cos t) cos t, (R + r cos t) sin t, r sin t). 
Thus 

a(t) = (R + r cos t) cost, 

a2(t) = (R + r cos t)sin t, 

a(t) = rsin t. 
(b) Since the coordinate functions involve sin t and cos t, 
they will repeat after 27, that is, 

a(t+ 27) = a(t), 
for all values of t. The only question that arises is 
whether they can repeat earlier. 
So, suppose that 

a(t) = a(t’), 
for some values of t and t’. Now, looking at the third 
coordinate function of a, we can deduce that 

sin t = sin t’. 
If sint = sin t’ is not zero, then the second coordinate 
function shows that 

R+rcost=R+rcost' 
and hence 

cost = cost’. 
On the other hand, if 

sint = sin t = 0, 
then 

cost = +1, cost’ = +1. 
Since r < R, the expressions 

R+rcost, R+rcost’ 


are both positive and so the equation 
R+rcost= R+rcost’ 


forces cost and cost’ to have the same sign. Thus 


cost = cost’ = +1. 
Summing up, 
sin t = sint’ 


and, regardless of whether or not this common value is 
zero, 


cost = cost’. 

These equations are satisfied only if 
t'=t+2nr, 

for some integer n. 


Hence a is periodic with period 27. 


Solution 3.3 


We have to apply the basic test: that v is tangent to M 
if, and only if, we can write v as a linear combination of 
the partial velocities at its point of application. 


We begin by defining a parametrization; the appropriate 
one here is the Monge patch. 


x(u, v) = (u,v, f(u, v)). 


(a) First we calculate the partial velocities. 


Xu(u,v) = (1,0, oF (u,»)) , 


of 
Xu(u,v) = (o, 1, a) X 
Now, suppose that 
Vp = (v1, v2, v3 )(p1,p2,ps)* 
Then 
P = X(p1, p2). 
We also note that, for the Monge patch, partial 


differentiation with respect to u and v is the same as with 
respect to x and y. 


Thus, v is tangent to M if, and only if, v can be written 
as a linear combination of xu(pi, p2) and x» (pı, p2). 


Inspecting the expressions for the partial velocities above, 
this condition reduces to 


(v1, v2, v3) = V1Xu (p1, P2) + v2Xv(Pr, p2). 
Comparing the third coordinates and using the 
observation about partial derivatives, we arrive at 


ð ð 
v = Lm, pjo + A Cp, pave 


(b) We use the observation made in the last section that 
Xu(u, v) X Xv(u, v) 

is normal to the surface at x(u, v). 

Now v is tangent to M at x(u, v) if, and only if, it is 


perpendicular to the normal at x(u, v). This is true if, 
and only if, 


V- Xu(u, v) x Xe (u, v) = 0. 


Solution 3.4 


(a) The easiest approach is to use the chain rule because 
it automatically expresses a’ in terms of the partial 
velocities. 


t 
a(t) = xu(V2t, ae +x0(V2t, ent 


= V2xu(V2t, e) + e'x,(V2t, e'). 


Note: We have not needed to find explicit expressions 


for the partial velocities yet. 
(b) If we use the result just found, we have 

a! -Xu = V2Xu ` Xu +e'Xy ` Xu, 

a’. Xy = V2Xu -x, +e'x, Xy. 
We also have 

Xu(u,v) = v(—sin u, cos u, 0), 
Xy(u, v) = (cosu, sin u, 1), 

Xu(u, v) -xXu(u,v) = 0°, 

Xu(u, v) - x(u, v) = 0, 

Xv (u,v) + Xu (u, v) = 2. 

[xu(u, v)|| = lol, 
Ilxo(u, »)|] = V2. 

Putting these results together, we obtain 

at! -Xu/lIxull = V2(e')? e" 

= Ve, 
a! - Xy/||zvl| = et x 2/ V2 
= Vee". 
Thus a’ makes equal angles with the unit vectors 
Xn. Xv 
ikl and el 


and the result follows. 


Solution 3.5 
In order to apply the result 


x= “209 
we need to find f(x(u, v)). 
Now 


f(x(u,v)) = f(u, v, uv) 


2 
=u +v — uv. 


Thus 
— IF (x(u, v)) 
i p 
= 2 iy 1 - uv) 
Ou 
=2u-—v. 
Similarly 
_ Of (x(a, v)) 
xv[f] = 3 
= Aw +v — uv) 
=2u—4u. 
Solution 3.6 


First we calculate y(u, v) in terms of u and v. 
y(u, v) = x(u? + v7, u? — v?) 
= (u? +o, u? — v?, (u? Hoa -o 
= (u +o, u =, ut - vt). 
The four partial velocities are 
Xu(u, v) = (1,0, v), 
Xv(u,v) = (0,1, u), 
Y,,(u, v) = (2u, 2u, 4u?), 
y(u, v) = (2v, —2v, 40°). 
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In the notation used above for deriving the chain rule, we 

have 
Tfu, v) =u? 40°, 
V(u,v) = uwo’. 

Hence 
ou 
ðu 
ou 
ðv 
ôT 
ðu 
ðt 
ðv 

Using the chain rule 


= 2u, 
= 2v, 
= P 


= —2v. 


Bt hy (a 2 
ðu BR Oa 


Yalu, v) = xu (ã, 3) 
to calculate y,, gives 
Yalu, v) = xu (u? +07, u? — 0?) x 2u 
+ Xvo(u? + v7, u? — v2) x 2u 
= 2u(1,0,u? — v?) + 2u(0, 1, u? + 0) 
= (2u, 2u, 4u?). 
A similar calculation gives 
yolu, v) = xXu(u? + v7, u? — v?) x 2w 
+Xxv(u? + v?, u? — v2) x (-2v) 
= 2v(1,0, u? — v?) — 2v(0,1, u? + v?) 
= (2v, —2v, —4v°). 
These correspond to the results obtained by direct 
calculation. 


Solution 4.1 


We can show equality of 2-forms by evaluating them on a 
pair of linearly independent vectors at each point of the 
surface. For each patch x in the surface, we have 


($ AW) (Xu, Xv) = O(Xu)d(xv) — O(%v) P(Ku) 
= —((Xu)o(Xv) = W(x») O(Xu)) 
= —(PA $)(Xu, Xv). 
The result follows. 


Note: We have chosen to use the partial velocities, you 
could have chosen any pair (v, w) of linearly independent 
tangent vectors at each point. The details of the 
argument are exactly the same. 


Since we have 
o$Nb=-ON$, 
it follows that ¢ A ¢ = 0. 


Solution 4.2 


We shall need the partial velocities, so we calculate them 
first. 


Xa = (10,9), 
Xv = (0,1, u). 
(a) By inspection of the first two coordinates we have 
p = (-1,3, ÉT) =x(-1,3). 
Hence p € M. 
We have 
Xu(—1, 3) = (1,0,3), 
x»(—1,3) = (0,1,—1). 
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Since 
Vp = Xu(—1,3) + 2x,(-1, 3), 
it follows that vp is tangent to M. 
(b) Applying the definition of ¢: 
$(vp) = v : xXu(—1, 3) 
= (1,2,1) - (1,0,3) 
=4. 
W(vp) = ¥-x6(-1, 3) 
= (1,2, 1) - (0,1, —1) 
ssis 
(c) Again, using the definition, 
$(Xu) = Xu (u, v) + Xu (u, v) 
= (1,0, v) - (1,0, v) 
=1+ v. 
(Xv) = X (u, v) - Xu (u, v) 
= (0,1, u) - (1,0, v) 
= uv. 
®(Xu) = Xu(u,v) - xXv(u, v) 
= (1,0, v) - (0,1, w) 
= uv. 
(20) = Xow, v): %6(u, v) 
= (0,1, u) - (0,1, u) 
=1+v. 
(d) We have 
(Xu) = (adu + bdv)(xu) 
= adu(xu) +bdv(xu) 
=ax1+bx0 
=a. 
(Xv) = (adu + bdv)(x.) 
adu(xy) + bdv(xv) 
=ax0+bx1 
=b. 
Comparing these to the results from the previous part 
gives 
a=(1+’),b=w. 
Thus 
ġ=(1+ v?’ )du + uv dv. 
(e) If we assume that 
p =adu +bdv, 
then exactly the same method shows that 
a= uv, b=(1+u’). 
Hence 
py =uvdu+ (1+ u’)dv. 


Solution 4.3 
Applying the results obtained above: 
oAW=((14+07)du + uv dv) A (uv du + (1+ u?)dv) 
= (1+07)(1+u?)dudv + (uv)(uv)dv du 
(since du du = dv dv = 0) 
= (1+7)(1+u?)dudv — (uv)(uv)du dv 
(using alternation) 
=(1 +u? +v’ )dudv. 


Since 
(du dv)(xu, xv) = 1, 
we have 
(GA $)(Xu, Xv) = (1 +u? + v?) (du dv)(Xu, Xe) 
=1+ u? +0. 
Calculating directly from Definition 4.3 gives 
(GA ¥) (Xu, Xe) = (xu) d(x.) — (xv) ¥(xu) 
= (1+07)(1 + u?) — (uv) (uv) 
=1+u +2, 


as before. 


Solution 5.1 
From the earlier work on this example, we know that 
F.(xu(u,v)) = y,(u, sin v), 
F,(x,(u, v)) = cos u y, (u, sin v). 
We shall also need the partial velocities of y. 
Yu(u, v) = (— sin u, cos u, 0), 
y,(u, v) = (0,0,1). 
(a) From the above, we have 
$i(Yu (u, 2) = ya(u, v): ya(u, v) 
=l; 


gı (Yu (u, v)) = y, (u, v) -Yu (u,v) 


$2(¥y(u,v)) =y (u,v) -y (u, v) 


It follows that 
(F"d,)(Xu(u, v)) = ġ, (F. (xu (u, v))) 
= ġ (y(u, sin v)) 


(F"9;)(Xo(u, v)) = 6, (F. (xv (u, v))) 
= $,(cos v y, (u, sin v)) 
= cos v ¢,(y,,(u, sin v)) 
=0. 
(F"$)(Xu(u, v)) = bo(Fe(Xu(u, v))) 
= (Y, (%,sin v)) 
=0. 
(F"$2)(Xo(u, v)) = pa (F. (xv (u, v))) 
= $2(cos vy,(u, sin v)) 
= cos v ¢o(y,(u, sin v)) 


=cosv x1 


= Cos v. 
(b) By Theorem 5.7, 
F°(d, A $2) = (F*ġ1) A (F* $2). 


If we use this and the definition of wedge product, we 
obtain 


F (61 A b2)(Xu, Xv) = (F"°9;)(Xu) x (F"b2) (Xv) 
— (F"$1)(o)  (F"b2)(Xu) 
=1xcosv—0x0 
= cosv. 


Note: We have dropped the parameters wherever it 
seemed safe to do so. This is usually where there is no 


doubt as to their value. When there are several sets of 
parameter values around, we retain them in all 
expressions. 


Solution 5.2 


This solution is an example of where it is a good idea to 
retain parameters because there are two sets around: 


(u,v) 
and 
(u+v,u—v). 
We start by calculating an explicit expression for U. As 


usual, the first things that we need are the partial 
velocities. 


Xu(u,v) = (1,0, v), 
Xv(u,v) = (0,1, u). 
It follows that 
Xu(u,v) x xy(u, v) = (—v, —u, 1), 
xu(u, v) x x(u, v)|] = V1 +u? +o. 
Thus 
(—v, —u,1) 
U(x(u,v)) = T 
We now apply the definition of 7. 
n(Xu(u, v), Xv (u, v)) = Xu (u, v) x xu (u, v) -U(x(u, v)) 
= (—v, —u, 1) - U (x(u, v)) 
M S u? + v? 
eres. 
Oe wes 
In order to find F*n, we shall need F,(xu) and F, (xy). 


Using partial differentiation and the chain rule, we obtain 
the following. 


F.(xu(u,v)) = Flu, v)) 


a 
= Dy xu +ou- 2) 
= Xu(utv,u—v) Set a 
O(u — v) 


+Xy(u+v,u—v) Du 


=Xu(utv,u—v)+xX(u+v,u—v). 
Fy (xv(u,v)) = 2 F(x(u,»)) 


= Ax(uto,u—2) 


= Xu(u+v,u—v) 


O(u — v) 
ov 
=Xu(ut+v,u—v) —x(u+v,u—v). 


+ Xy(u+v,u—v) 


To complete the solution we use the general result 
n(axu + bx», CXu + dxy) = (ad — bc)n(Xu, Xv). 
We also observe that the expression obtained for 7 means 
(Xu,Xv) = \/1+ (1st parameter)? + (2nd parameter)?. 
Since 
(E"n) (xu (u, v), Xo (u, v)) = (Fa (xu (u, v)), Fe (xv (u, v))) 
and we already have expressions for 
F,(xu) and F.(xv), 
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we can put everything together to obtain as follows. 
(F*n)(xu (u, v), Xv(u, v)) 
= n( Fs (xu (u, v)), Fa (xo (u, v))) 
Sa + Xe; e—a) 
(evaluated at (u + v, u — v)) 


= (1 x (-1) —1 x 1)n(xu(u + v,u — v), x(u + v, u — v)) 


= —2n(xu(u +v, u — v), x(u + v, u — v)) 
= -2\/1+ (u + v)? + (u — v)? 
= 2V1 + 2u? + 20?. 

Note that we have used the result 


N(aXu + bXv, CXu + dxy) = (ad — be)n(xu, Xv). 


Solution 6.1 


In the long run it is probably easiest to give an explicit 
expression for x. 


x = ((1 + vcos(u/2)) cos u, (1 + v cos(u/2)) sin u, v sin(u/2)). 


(a) The partial velocities are 
Xu = (—(1 + vcos(u/2)) sin u — (v/2) sin(u/2) cos u, 
(1 + vcos(u/2)) cos u — (v/2) sin (u/2) sin u, 
(v/2) cos(u/2)); 
Xv = (cos(u/2) cos u, cos(u/2) sin u, sin(u/2)). 
The easiest check for regularity is probably that given by 


calculating the expression EG — F?, Careful algebra 
yields 


E =Xu' xu 
= (1 + vcos(u/2))?(cos” u + sin? u) + (v? /4) 
= (1 + vcos(u/2))? + (v?/4); 


F =X: Xv 
=0; 
G=Xu-Xy 
2 2 e, P 
= cos“ (u/2)(cos* u + sin? u) + sin? (u/2) 
=1. 


Since E > 1, it follows that EG — F? £0 and x is 
regular. 


(b) We need a value of uo such that 


cos uo = 1, sin uo = 0. 
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The easiest non-zero value is uo = 2r. 
We have 
x(0, 0) = x(2x, 0) = (1, 0, 0); 
xu (0,0) = (0, 1, 0), 
Xu(27, 0) = (0,1,0), 
xv(0,0) = (1,0,0), 
x.(27, 0) = (—1, 0,0). 
It follows that 
Xu(0,0) x xu (0,0) = —xu (27, 0) x xy(2z, 0). 
(c) All the coordinate functions that appear in the 
definition of f are differentiable and are combined in 
F(x(u, v)) = Xu(u,v) x xs (u, v) - Z(x(u, v)) 
using only multiplication and addition. It follows that f 
is differentiable and hence continuous. 


(d) We can regard f(x(u,0)) as a continuous function 
g(u). However, 


9(0) = F(x(0, 0)) 
= Xu(0,0) x xv(0, 0) - Z(x(0, 0)) 
and 
(27) = f(x(2x, 0)) 
= Xu (2r, 0) x xa (27, 0) - Z(x(27, 0)) 
= —x.,(0,0) x x (0, 0) - Z(x(0, 0)). 
The last line follows because x(0,0) = x(27,0) and just 
X» changes sign. 


It follows that, because g changes sign, it must vanish on 
v=0. 
However, g is defined as a dot product. The first term is 
Ku X Xe ¥ 0, 
because x is regular. It follows that, since 
Xu Xe 
is normal to the surface (and cannot be perpendicular to 
Z), that Z must vanish. This contradiction shows that M 


is not orientable because any attempt to define a 
non-vanishing normal vector field on M must fail. 
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Introduction 


Having developed the computational tools required, we can now apply them to the 
study of the ‘shape’ of surfaces in E°. 


Section 1 is concerned with a definition of ‘shape’ and makes use of the idea of unit 
normal vector fields. 


The idea behind using normal fields is, we think, a fairly natural one. Imagine 
living on the surface of a cylinder and carrying a unit normal with you from place 
to place. If you move along one of the generating lines then the unit normal will 
always point in the same direction—its rate of change is zero. However, moving 
along one of the cross-section circles causes the unit normal to rotate steadily. 


The rate of change of the normal measures, in some sense, the shape of the surface 
along the path that you follow on the surface. 


Section 2 makes use of the definitions of Section 1 to define curvature for surfaces. 
Since, as the cylinder example suggests, you would expect to experience different 
curvatures when moving in different directions, the curvature is a function not only 
of position on the surface, but also of direction. This section also provides some 
computational techniques. 


Section 3 introduces two measurements of curvature that summarize the shape of 
a surface at each point. They are functions and, therefore, lose the information 
about differences in curvature in different directions. However, they are useful 
general descriptions. 


The main purpose of Section 4 is to provide a range of computational techniques 
based on the partial velocities and their derivatives. In a sense the formulas derived 
correspond to those for curves that were expressed in terms of a’, a” and a". 


The functions 
E =Xu:Xu, F=xy-x, and G=x,-Xp, 
which you have already met, play a central role in the computations. 


Sections 5 and 6 apply the machinery that has been developed to two topics. The 
first is the discussion of particular types of curves in surfaces; the second is to 
surfaces of revolution. 


Finally, Section 7 provides the usual summary. 


Study advice 


The following represents a possible plan for study weeks. 

Week 1 O’Neill, Chapter V, Sections 1 and 2. 

Week 2 O’Neill, Chapter V, Section 3 and TMA03. 

Week 3 O'Neill, Chapter V, Sections 4 and 5. 

Week 4 O'Neill, Chapter V, Section 6. 

This leaves two study weeks for the work on three sections of Chapter VI and 


TMA04. Since the fourth week listed above is probably a little light, you may wish 
to start work on TMA04 during that week. 


That is, parallel to the axis 
of the cylinder. 


1 The shape operator 


Read O'Neil, Chapter V, Section 1, pages 189-193. 


The fundamental purpose of this section is to define how ‘shape’ is measured for 
connected surfaces in E°. 


Connectedness is required so that the number of unit normal vector fields is limited. 
On the image of any patch there is always a choice of two unit normal vector fields: 
one in the same direction as 


Xa XK Ke 
at each point and the other in the opposite direction. 


If a surface is orientable then there is a non-vanishing normal vector field which 
can be made unit length. The resulting unit normal, together with its negative, 
gives a choice of two unit normals on each connected component of the surface. If 
the surface has n connected components, then we can define 2” unit normal vector 
fields. 


Limiting ourselves to connected, orientable surfaces simplifies things somewhat. 
The theory developed can then be applied to each connected component of more 
general surfaces. 


Covariant derivative O’Neill does not give a definition as such, although a def- 
inition is hinted at on page 189. The definition is 


Definition 1.0 


Let V be a vector field defined on a surface M C E? and let Vp be a vector 
tangent to M. Then the covariant derivative V,,V is defined as 


V(a(t))'(0), 
where œ is any curve in M such that 


a(0) = p, a’(0) = v. 


This definition corresponds exactly to the definition of directional derivative on a 
surface. 


Because of the importance of the parameter curves, we shall look at covariant 
derivatives with respect to the partial velocities. 


Suppose, then, that M C E? is a surface and that x is a parametrization of M (or 
part of it). Let V be a vector field defined on the image of x. We want to calculate 


Vx, V and Vx,V. 
We tackle them in turn. 


The definition requires a curve with velocity xu, the obvious one to take is the 
u-parameter curve. To be quite explicit, we shall calculate 


Vx, V 
at the point 

p = x(uo, vo). 
We define a by 


a(t) = x(uo + t, vo). 


We proved this result earlier. 


The partial velocities form a 
basis for the tangent space at 
each point. 


Since 
a' (t) = Xu(uo +t, vo) x 1+xy(uo +t, v0) x 0 (chain rule) 
= Xu(uo + t, vo), 
we have 
a'(0) = xu(uo, vo) and also a(0) = x(uo, vo) = p. 


Thus a@ is a suitable curve to use in the definition of covariant derivative. The 
definition then gives 


Vxuluovo) V = V (a(t))' (0). 
Now V(a(t)) = V(x(uo + t, vo)) and the chain rule then gives 


AV (x(u, v)) 


V(a(t) = VCD) ug 44, vo) x14 (uo +t, vo) x 0 


Ov 
OV (x 
= LATT +t, vo). 
Evaluating at t = 0 shows that 
OV (x(u, v 
Vxu(uo,vo) Y = YD) ag, vo). 
If we express this result in ‘function’ form, we have 
ôV (x) 
V= 
Vou Ou 
Exactly similar arguments show that 
yya SE 
ôv 


These two results are of immense importance for doing computations. They also 
provide further confirmation of the principle discussed earlier: that all forms of 
directional derivatives with respect to the partial velocities reduce to ð/ðu and 


0/dv. 


Shape operator The footnote about the reason for the minus sign is questionable, 
if only because there is always a choice of sign for the unit normal! 


Note: The definition of shape operator can be extended to act on vector fields 
(rather than tangent vectors) by the usual pointwise process: 


S(V) opi S(V(p)). 
There is a link between the definition of shape operator and the connection forms 


discussed in Part II. There we summarized the connection equations in matrix form 
as 


Ey 0 wie wiz Ey 
Ww | E | = | -wiz 0 w |(V)| E2 
Ez —wi3 —w23 0 E3 


for any frame field E1, Eo and E3. 
Writing out the last line in full gives 

Vy E3 = —w13E1 — w23 E2. 
Now suppose that we have a frame field defined on a surface such that Fy and Ez 
are tangent fields and U = E3 is normal. It follows that the shape operator derived 
from U is given by 

S(V) =-WU 

= wi3(V) Ey + wo3(V) Eo. 


This last equation seems a good reason for the introduction of the minus sign into 
the definition of S! 


Using the connection forms is clumsier than working with the partial velocities for 
surfaces in E. However, when we consider surfaces independent of E?, we have 
to abandon unit normals because they belong to the surrounding space, not to the 


surface. Then we shall have to make use of connection forms for tangent frame 
fields. 


Example 1.3 In the exercises we ask you to verify, by direct calculation, the 
results discussed in the first and third of these examples. Here we consider the 
plane example. 


Suppose that we have a parametrization 
x: (u,v) H+ x(u, v) 


of a plane P in E. Then, since the unit normal vector field U points in a constant 
direction, the coordinate functions of U must be independent of u and v. Hence 


S(Xu) = —Vx, U 
_ OU (x(u,v)) _ 
ae oe 
S(xy) = —Vx,U 
OU (x(u, v)) 
A 
Thus S is the zero operator at all points of P. 


Remark: The appearance of the factor 1/r in the shape operator for the sphere 
should remind you of the appearance of 1/r as the curvature of a circle of radius r. 


Symmetric operators You have probably met 2 x 2 symmetric matrices before. 
Their main property of interest then was that non-singular real, symmetric matrices 
have real eigenvalues and can always be diagonalized by an orthogonal matrix 
(actually by a rotation). 


The same is true of any matrix representing a non-singular, linear transformation 
which has the generalized symmetric property defined in Lemma 1.4. 


Determinant and trace We shall use the trace and determinant of 2 x 2 matrices 
in Section 3. Here we want to mention some properties. 


We shall be concerned with the matrices representing shape operators with respect 
to various bases. Since S is a linear transformation from a two-dimensional space 
to itself, all such matrices are 2 x 2. If A and B are the matrices with respect to 
two different bases, then they are related by 


BPAP 
where P is non-singular. 
It follows that 
det(B) = det(P7!AP) 
= det( P71) det(A) det(P) 
= (det(P))~1 det(A) det(P) 
= det(A). 


Thus we may speak of the determinant of the shape operator, rather than of a 
particular matrix representing it. 


The trace of a matrix is the sum of the elements on the leading diagonal and is 
denoted by trace(A). 


What is not at all obvious is that, with the above notation, 
trace(B) = trace(A). 
(You can verify this by straightforward, but tedious, algebra.) 


M101, Block IV. 


Thus determinant and trace are notions belonging to the shape operator, not to its 
representing matrices. 


The matrix of a shape operator From time to time we shall want to write down 
the the matrix of a shape operator with respect to a particular basis of tangent 
vectors, usually the partial velocities. 


So that there is no danger of writing down the transpose of the correct matrix, we 
discuss the details here. 


Suppose that we have a basis of tangent vectors e; and ez at a point and we have 
calculated the effect of S on them and expressed the results in the form 


S(e1) = ae; + bes, 
S(e2) = ce; + deg. 
Suppose that we have a tangent vector 
v = pe; + qe2 
at the same point. By the linearity of S, we have 
S(v) = pS(e1) + 4S(e2) 
= p(ae, + bez) + q(ce; + deg) 
= (pa + qc)e; + (pb + qd)er. 


Expressing the effect of S in terms of the coordinates with respect to e; and ez, we 


have 
Pp), (patae 
q pb+ qd)’ 


which can be achieved by the matrix 


a c 
b ag 
Note that the coefficients from the images of the basis form the columns of the 


matrix of S. 


This is actually what you have seen before when constructing matrix transforma- 
tions from the knowledge of the images of the basis 


(1,0) and (0,1). 


There is an important result that O’Neill leaves as Exercise 1 in this section. We 
shall want to make use of it, so we prove it here. You may wish to try the exercise 
before reading on. 


Lemma 1.5 


Let M C E? be a surface and let œ be a curve in M. If U is the restriction of 
a unit normal vector field on M to a, then 


S(a’) = -U'," 


where S is the shape operator derived from U. 


Proof We apply Definition 1.0 from earlier in this commentary. The details are a 
little messy if we are going to be precise. 


Let a'(to) be the velocity at a(to) on a. Then the curve 2, defined by 
B(s) = a(to +s) 

satisfies 
(0) = a(to) and (0) = a’ (to). 

By Definition 1.0, we can deduce that 
Varco = (U (8(s))} (0). 


But (0) = a'(to) and 
(U(A(s)))’(0) = (U(a(t)))'(to), 
S(a’)(to) = —Vpr(oU 
= -(UU(a(t)))' (to). 


Since (U(a(t)))! is, by definition, U’ and since the above calculation holds for all 
values of to, we can deduce that 


S(a’) = U". 


The complication in the proof is the need to introduce B in order to apply Defini- 
tion 1.0 directly. 


The following exercises are concerned with verifying some of the statements in 
Example 1.3. The saddle surface can be dealt with by similar means. 


Exercise 1.1 Let M be the cylinder parametrized by 
x(u, v) = (r cos u, r sin u, v). 
(a) Use the partial velocities to define an outward unit normal vector field, U on 
(b) Let S be the shape operator on M derived from U. Find S(xu(u,v)) and 
S(x,(u, v)). 
(c) Find the matrix representing S with respect to the basis urai 
Exercise 1.2 Let © be the sphere of radius r parametrized by 
x(u, v) = (r cos u cos v, r cos usin v, r sin u). 


By following a scheme similar to that for the cylinder in the previous exercise, verify 
the assertion in the text that 


v 
S(v) = es 
on X. 


[Solutions on page 25] 


2 Normal curvature 


Read O'neill, Chapter V, Section 2, pages 195-202. 


Erratum O'Neill, page 201, in Fig. 5.17, there is a bracket missing. The label for 
the point on the surface should read: 


(x,y, f(z, y)). E 


The main idea introduced in this section is normal curvature. This is the formal- 
ization of the notion discussed earlier that travelling in different directions on a 
surface causes you to experience different curvatures. 


Lemma 2.1 This is an application of one manifestation of the Leibniz property. It 
will be of great practical importance for the computational techniques in Section 4. 
Note that heavy use is made of the result 


S(a’) = -U' 
that we proved at the end of the last section. 


Definition 2.2 Note that the definition of k restricts its domain to unit tangent 
vectors to M. 


The remarks following the definition link normal curvature to the (Frenet) curvature 
of curves in M. 


The normal curvature function is somewhat unusual, for differential geometry, in 
that it is not linear. It cannot be, since it is defined only on unit vectors. 


However, suppose that vp is non-zero and tangent to M. Then 
v 
u=- 
Iivi] 


is a unit vector and 


k(u) = S(u)-u 


v ¥ 
-s(a (i) 
M liv] 
1 
= ——~S(v) -(v), 
Me (v)-(y) 
by the linearity of S and dot products. 
Thus 
S(v)-v = |IvIPe(u), 


where u is a unit vector in the direction of v. This last equation can be used to 
find the normal curvature in the direction of a given non-unit tangent vector (often 
a partial velocity). 


Example We look algebraically at the saddle surface example in the last para- 
graph of page 198. 


The surface can be covered by the single Monge patch 
x(u,v) = (u, v, uv). 
The partial velocities are 
Xu(u,v) =(1,0,v) and x,(u,v)= (0,1, u). 
We can construct a unit normal vector field from the partial velocities. This process 
gives 
Xu X Xy 
biia 
_ (—v,—u,1) 
O Vituo 
In order to find normal curvatures we need to know about the shape operator. As 


usual, we first find its effect on the partial velocities by partial differentiation. The 
details are a little messy, but careful differentiation yields 


ðU _ (uv,—(1 + v?),—u) 
ðu (1 + u? + v?)3/2 
OU _(-(1+u?), uv, —v) 
dv (1 F u? + 0297? 
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It follows that 
ðU 


S(xu) = -u 
(wl +ou) 
= (1 + u? + v?)3/2? 

ðU 


S(x.) = -o 


_ (L+u?,—uv, v) 
= (1 + u? + v?)3/2" 
In the special case discussed in O’Neill, we have u = v = 0. Here 
xu(0,0) = (1,0,0), 
x,(0,0) = (0,1,0), 
S(xu) = (0, 1,0), 
S(x») = (1,0, 0). 
Because the partial velocities at the origin are unit length, we have 
k(Xu) = S(xu) -Xu 
= (0,1,0)-(1,0,0) 
=g, 


k(x») = (1,0,0) - (0,1,0) 
=0. 
These agree with O'Neill. 


Now consider the direction of the line z = y in the plane z = 0. One vector in this 
direction is 


v = x,(0,0) + x. (0,0) = (1, 1,0) 
and a unit vector in the same direction is 


u 5,0); 


1 
= ee 


By linearity, 


Su) = FS) + S(x,)) = z010) 
Thus 
k(u) = L, 1,0)- 2 iji 0) 
v2 yap? 
L 
We can look at the direction of y = —x by considering x, —x,. A suitable unit 
vector is 
w= -LG,-i,0) 
Jae hs 
leading to 
k(w) = -1. 


Principal curvatures and directions In spite of the assertion about being able 
to ‘pick out’ principal directions, one of the course’s aims is to have computational 
tools for finding principal curvatures and directions. 


The proof of Theorem 2.5 is a first-principles proof of the eigenvalue and eigenvector Where we refer to eigenvalues 

properties of symmetric linear transformations on two-dimensional spaces. and eigenvectors, O’Neill 
uses the terms characteristic 
values and characteristic 
vectors. 
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We can summarize the results as follows. At each point of the surface: 
(a) there is an orthonormal basis of eigenvectors of S; 


(b) the eigenvalues of S are the extreme values of the normal curvature at that 
point, that is, they are the principal curvatures at that point; 


(c) the eigenvectors define the principal directions at that point. 


These results tie the shape of the surface to the algebraic properties of the shape 
operator S. 


It is sometimes possible to find the matrix representing S with respect to the 
partial velocities fairly easily. From this matrix, we can calculate the eigenvalues 
and eigenvectors of S quite simply. 


Sometimes the calculation of the matrix is not straightforward. 


We pursue the saddle surface example a little further. From our calculations earlier, 
we can deduce (after some working) that 


1 

anal (1+ u?+ 7l uvxu + (1+ v’)xo), 
1 

a= (l+u?+ waa +0?) xy — wvxy). 


The matrix of S with respect to the partial velocities is, therefore, Here there is scope for 
writing down the transpose 


2 
Sill l +u of the correct matrix. 
(1 +u? + v?)8/2 (1+u? + v?)3/2 Working with the transpose 
2 would make no difference to 
14v? =u the determinant, trace or 


eigenvalues but the 
(L+u? + v?)8/2 (1+ u? + v?)9/? eigenvector calculations 


The general expressions for the eigenvalues of this matrix are far from simple! Would be incorrect 
However, at u = v = 0, the matrix reduces to 


(=i) 


which has eigenvalues 1 and —1. The usual method of finding eigenvectors yields 
(1,1) and (1, —1) as the coordinates with respect to the partial velocities. Thus the 
principal directions at the origin are in the directions of 


Xu(0, 0) + x, (0,0), 
which agrees with those we obtained earlier. 


Umbilic points Definition 2.4 and Theorem 2.5 can be combined to give a prac- 
tical test for umbilic points. 


The function 
k(u) = kı cos? V + ko sin? V, 


of Corollary 2.6, is a continuous function of 9. Because the eigenvalues kı and ks of 
the shape operator are the maximum and minimum values of a continuous function, 
we can deduce that k(u) is constant if, and only if, 


ky = ko. 


Now, if we have a matrix for S, we can express the condition for the eigenvalue 
equation to have equal roots. Suppose that the matrix is 


ac 
we: ( b 9) 
Then the eigenvalue equation reduces to 
k? — (a + d)k + (ad — be) = 0. 


It is rather more revealing to write this in the form 


k? — trace(A) k + det(A) = 0. 
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The quadratic equation formula gives ‘b? = 4ac’ as the condition for equal roots. 
In the case of the above eigenvalue equation, this becomes 


(trace(A))? = 4 x det(A). 
Let us apply this test to the saddle surface example. From the matrix 


—uv 1+u? 
(Luo) (1+ u2 + v) 


A= 
1l+v? —uv 
(+u Ho (14u 4023/2 


—2uv 


trace(A) = G+ po 


_ uy? —(L+u?)(1 +07) 
(1+ u? + v?)8 
Thus, a point with parameters (u, v) will be umbilic if, and only if, 
—2uv ei u?v? — (14+ u?)(1 +0?) 
(1+ u? + v?)8/2 (i+w 40?)3 è 


Both sides have the same denominator so the condition reduces to 


det(A) 


wy? = uv? — (14+ u?)(1 + 0”). 
Since the second term on the right-hand side must be at least 1, there can be no 
solutions. We deduce that the saddle surface has no umbilic points. 
Exercise 2.1 This question concerns the cylinder M parametrized by the mapping 
x(u,v) =(rcosu,rsinu,v), r>0. 
It is a continuation of Exercise 1.1 using the notation and results of that exercise. 


(a) Find the eigenvalues and eigenvectors of the shape operator S and, hence, the 
principal curvatures and directions. 


(b) Does M have any umbilic points? 
(c) Find the normal curvature in the direction of x, + xy. 


Exercise 2.2 O’Neill, page 202, Exercise 3. Note that the curves given can be 
defined by a(t) = x(t, +t”), where x is the parametrization in Exercise 2.1. 


[Solutions on page 25] 


3 Gaussian curvature 


Read O'Neill, Chapter V, Section 3, pages 203-207. 


Erratum O'Neill, page 204, ninth line and last but one line; page 205, four lines 
from the bottom of the page (first line of the proof) there are occurrences where: 


for Tp(M) read Tp(M). E 


This section introduces two new definitions, discusses some examples and proves 
the results that will be the basis of some straightforward computational techniques. 


Gaussian and mean curvature We remarked earlier that the determinant and 
trace were the same for all matrices representing a shape operator. Hence Gaussian 
and mean curvatures are well defined. 


Note that both K and H are functions from the surface to R. 


In the examples O’Neill indicates how the sign of K can be deduced by knowing 
the shape (in the intuitive sense) of the surface. Once the link between the formal 
definitions and intuition is established, we usually calculate the K and H functions 
to provide information about a new surface. 


Examples As O’Neill says, we shall check a number of the results in these exam- 
ples once we have efficient methods of calculation. 


In theory what we have already would enable us to calculate K and H for, say, the 
monkey saddle parametrized by 
x(u, v) = (u, v, u(u + V3v)(u — V30)) 
= (u,v, u(u? — 3v?)). 
In practice, we run into the same difficulties as we did when trying to apply directly 


the Frenet formulas for non-unit speed curves: some of the differentiation becomes 
so involved as to invite errors. 


To illustrate this point, consider the monkey saddle parametrization above. We can 
find the partial velocities: 
Xu = (1,0, 3u? — 3v’) 
= (1,0,3(u? — v?)), 
X, = (0,1, —6uv). 
If we construct a unit normal vector field from these, we have 
Xu X X, = (—3(u? — v?), 6uv, 1), 
xu X xal]? = 9(u? — v?)? + 36u20? +1 
= 9(u? +7)? +1 
and so 
ee (S(t = v?), 6uv, 1) 
9(u? + v2)? +1 
Now, finding S(xu) etc. requires the partial derivatives of U. These will be involved 


expressions and it is unlikely to be easy to find the matrix representation of S with 
respect to Xu and Xy. 


The way out of such problems is similar to that for curves. We shall obtain formulas 
using higher derivatives of the parametrization. 


Lemma 3.4 This result and the remarks following it provide the foundation for 
easier calculations. We shall apply it to the usual special case, where v and w are 
the partial velocities. 


As Lemma 3.4 stands, it is no more use than the attempt above, since S(v) etc. 
still appear, requiring partial differentiation of U. However, as so often, the Leibniz 
property will enable us to simplify things. 


The formulas after the end of the proof of Lemma 3.4 will appear in more memorable 
form later on. 


Gaussian curvature and connection forms In Section 1, we discussed the link 
between the shape operator and the connection forms of a frame field made up of 
two unit tangent vector fields E; and Ez, together with a unit normal vector field 


U = E; x Ez. 
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This simplification is in the 
next section. 


We obtained 

S(V) = -Vv U 

= wi3(V)E1 + wo3(V) Eo, 

for any vector field V on the surface. 
If we apply this to E and Eù, we obtain 

S(E1) = wi3(E1)E1 + w23(E1)E2, 

S(E2) = wi3(E2) By + w23(E2)E2. 
The matrix of S with respect to E1, E is, therefore, 


aes rane 
w23(B1) w23(E2)/ 


with determinant 
13( Ey )wo3(B2) — w13(H2)wos(E1) = (w13 A w23)(E1, E2). 


We can obtain a further link by considering the second structural equations. In 
matrix form they become 


dw=wAw. 
If we write out the dwi entry in full, we have 


dwg = w11 A w12 + w12 A w22 + W13 A w32 
= 0A wiz +612 A0 — w13 A w23 


= —W13 A w23. 

Combining this with our earlier calculations, we see that 

dw 2( £1, E2) = —(wig A w23)(E1, E2) 

=—-K. 

Thus 

K = —dw19(Ey, E2). 
This last equation should be interpreted as 

K(p) = —dw12(£1(p), £2(p)), 
for each point p on the surface. 


Thus, if we can find independent means of calculating connection forms on a surface, 
then we can calculate Gaussian curvature. 


We shall pursue this line in Part VI. 
Exercise 3.1 O’Neill, page 207, Exercise 1. 


Exercise 3.2 Let M be the saddle surface parametrized by 
x(u, v) = (u,v, uv). 


Use the matrix of the shape operator found in Section 2 to find the Gaussian and 
mean curvatures. 


Does M have any planar points? 

Exercise 3.3 O’Neill, page 207, Exercise 3. (Hint: The notation of Section 2, 
Corollary 2.6 should prove useful.) 

[Solutions on page 26 | 


Part II, Section 8. 


This is the second entry of 


the first row of the product. 
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4 Computational techniques 


Read O'neill, Chapter V, Section 4, pages 210-219. 


Errata 
1 O'Neill, page 210, in the third displayed line, the expression for w should read: 


W = Wi Xy + W2Xy. 


2 O'Neill, page 214, in the final display line, the inequalities for K should read: 
1 p 
-5 <K<0. 


3 O'Neill, page 218, in the last paragraph and in the diagram, the two occurrences 
of T,(M) should read: 


Tp(M). a 


The main aim of this section is to provide computationally efficient formulas for 
Gaussian and mean curvature. We shall use the partial velocities to build up such 
formulas. 


Precision and convenience Near the beginning of the reading passage O’Neill 
adopts a rather more precise approach to exactly what the partial velocities are. 
It is worth looking hard at what he is saying and comparing it with what it is 
convenient to assume. 


Let us look at a simple specific example to illustrate what the fuss is about. Consider 
the saddle surface M parametrized by the single proper patch x defined by 


x(u,v) =(u,v,uv), (u,v) E€ E°. 


As we have observed much earlier, the partial velocities 


Xu(u, v) = (1,0, v) 
x(u, v) = (0,1, u) 


are tangent vectors to M at the point x(u, v) and are the velocity vectors of the 
u-parameter and v-parameter curve passing through that point. 


Thus, xy and x, are functions from the domain of x to the collection of all tangent 
vectors to M. The partial velocities are not, strictly, vector fields on M. Such 
vector fields have domain M, not E’. 


That said, however, there are two vector fields that we can define on M: 


x(u, v) — Xu (u, v), 


x(u, v) — xs (u, v). 


There seems to be little harm in referring to these by the same names as the partial 
velocities, so long as we realize that it is an abuse of notation. (It is similar to 
the abuse involved in not distinguishing between f and f(x) for a function on a 
surface.) 


The discussion above generalizes from the saddle surface to any surface covered by 
a single patch. It also applies whenever there is a parametrization onto the whole 
surface. The case where it cannot automatically be applied is where the surface is 
defined by several overlapping patches. The difficulty is that the partial velocities 
of different, overlapping patches may well not agree on the overlap. 


However, as discussed earlier, the unit normal defined as 
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Part IV, Section 6. 


is well defined, even where patches overlap. There is a small abuse of notation in 
referring to U as a unit normal vector field on the surface, instead of a unit normal 
vector valued function on the domain of x. The abuse amounts to referring to both 


(u,v) 


Xu(u,v) x Xy(u, v) 
[xu(u, v) x xu (u, »)]| 


and 
Xu(u, v) x x(u, v) 
|lxu (u, v) x xu (u, v)|| 


as U. Having mentioned that this is abuse, it seems fairly harmless to us! 


x(u, v) + 


Higher derivatives The notation Xuu, Xuv and Xy, for the second derivatives is 
consistent with that for partial velocities. 


The functions l,m and n The motivation for introducing these functions stems 
from the expressions for K and H (O’Neill, page 206). In those formulas, expres- 
sions such as 


S(V)-V, S(V)-W and S(W)-V 
appear. 


If we apply the formula for K (page 206) to the special case, where V is the vector 
field defined by x, and W corresponds to x,, then we obtain 

S(Xu) Xu S(Xu) Xu 
Slr) u  S(Xy) Ry 
Ry Ku Ka Xy 
Xv Xu Xv'Xy 


l m 
H n 
JE F 
He 
_ In — m? 
~ EG- F? 


Similar considerations give a formula for H. 


These three new functions, together with Æ, F and G also appear naturally in a 
simplistic approach to finding matrices of shape operators, which we now indicate. 


Suppose that S is the shape operator derived from a unit normal vector field U. 
Then, at any point on the surface, we have 


S(Xu) = aXu + bx», 
S(xXv) = cXu + dxy, 


for suitable coefficients a,b,c,d. We can obtain enough simultaneous linear equa- 
tions to find the coefficients if we take the dot product of both these equations with 
both partial velocities. 


This gives the following equations. 
S(Ku) Xu = aXy -Xy + bx, - xy, 


S(Xu) -Xu = aKu- Xy + Ox, - Xp, 


S(Xv) + Xu = CXu + Xy + dxy -Xy, 
S( xy) -Xy = CXu + Ky F day Xy- 


Using the definitions of the various functions, these equations become 


l=aE+0F, 
m=aF +bG, 
m=cE+4+dF, 
n=cF+dG. 
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The usual methods for solving linear simultaneous equations give 


_ Gl-Fm 
“= EG—F?’ 
ips —Fl + Gm 

EG — F? ’ 

_ Gm—Fn 
EG- p 
i —Fm + Gn 

EG- F? ` 


This gives the following, rather unwieldy, matrix for S. 
Gl- Fm Gm—Fn 
EG — F? EG — F? 
—Fl+ Gm —-Fm+Gn 
EG — F? EG — F? 
Although the matrix is unwieldy, expressions for its trace and determinant are 
relatively straightforward. 
_ Gl- Fm-Fm+Gn —Fl + Gm Gm — Fn 


det(S) = EG F EG- F? ~ BG-F? EG F? 
_ (In=m’)(EG — F?) 
z (EG — F?)? 
In — m?’ 
= 5G F (after some algebra). 
Gl— Fm ' —Fm+En 
trace(S) EGF? + GL Fr 
~ Gl+ En—2Fm 
EG — F? 


This ‘first principles’ approach yields the same formulas as Corollary 4.1. 


Lemma 4.2 This is the key to making the formulas of Corollary 4.1 usable by 
avoiding the need to calculate partial derivatives of U. 


The proof of the lemma uses three applications of the Leibniz property. 


ô 
0= Ju U 2e) = Uu Xu +U  Xuu 


ð 
Oe ay Ux) = Uu -Xy +U -Xw 
ô 
0= A Xe) = Ue ‘Xy +U -Xw 
These are then interpreted by using U„ = —S(xy) etc. to give 
l= Uo Xtina 


m=U -Xuy 

ns U o Ruy: 
Example We shall now use these formulas and Lemma 4.2 to pursue the saddle 
surface example. The following provides a little more detail than is given in O’Neill. 


We have already obtained the following. 


Xe = (La), 

Xy = (0,1, 2), 

U= (—v, —u, 1) 
Venar 


It follows that 


Es A 2 
BS Xa ky = 10s 


FR oxy = uy 


Ga Xy oxy = 1+ us 


EG-F?=(14v?)\(1+u7)—wv? =14u? +07. 


The second derivatives are 


Xuu = (0,0, 0), 
Z= (001); 
Xvv = (0,0,0). 
Hence 
bee Seg 0; 
1 
maT vay Wit? 
n= Ui xy = 0. 
Applying the formulas, we have 
K= In-m? _0-(1/(vV1 +u +2)? _ -1 F 
T EG- F? 1+ u? + v? T (1+ u? +) 
y= Git Ena 2Fm _ 0+ 0-2(uo/v1 +u? +1) —uv 
~  {EG- FF?) ` 2(1 +u? + v?) ~ (1+ u? + v?)8/2" 


These are the same as obtained previously by different methods. 


This example illustrates the benefit of the new methods. Defining a unit normal 
vector field is still required but partial differentiation of this unit normal is replaced 
by differentiating the partial velocities, often a much easier task. 


Should the principal curvatures be required, they can be found as solutions of 
k? -2Hk+K =0. 
Lemma 4.4 We shall not use this result as much as the previous ones but, for 


completeness, we indicate the ‘routine’ deduction from Lemma 3.4. We suspect 
that O’Neill omitted the proof because of the algebra involved! 


Firstly, we need a unit normal vector field. This is provided by reducing Z to unit 
length: 


Z 
U = —. 
IliZ 
Now we express S(V) and S(W) in terms of Z. 
S(V) = -Vy U 


1 1, 
=-(-—WZ4+V al z) 
Ga izi 
(by the Leibniz formula for covariant derivatives). 


Similarly, 


s=- (q7 + | | 2). 


Corollary 3.5 
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Taking the cross product and omitting zeros, we have 


S(V) x S(W) = (WZ x VwZ) 


r 
ER V WwZxZ4+Vv 1 ZxVwZ 
Zil Tr ý IZIP se i 


When we take the dot product with Z, the last two terms disappear, so 


+ 


Z-(S(V) x S(W)) = +22. (WZ x VwZ). 


F 
From Lemma 3.4, we have 
S(V) x S(W) = KV x W 
so, taking the dot product with Z, we have 
Z-(S(V) x S(W)) =KZ-VxWw 
=KZ-Z (definition of Z etc.) 
= KIZI. 


iiie with the previous result, we have 


Tae (WZ x Vw Z) = = KZI, 


from which the first result follows. 
The calculations for H are much the same and we omit them. 


Example 4.5 This shows that applying Lemma 4.4 can require some ingenuity in 
the choice of V and W. We shall not make a great deal of use of this technique. 


Patches and parametrizations The final remarks of this section of O’Neill show 
that calculations are much easier if we can find a single parametrization of the 
surface being studied. This will be the case in most of our work. 


Exercise 4.1 O’Neill, page 219, Exercise 2. Note: Subscripts on f denote partial 
differentiation. 


Exercise 4.2 O'Neill, page 219, Exercise 3. 


Exercise 4.3 O’Neill, page 219, Exercise 4. 
[Solutions on page 27] 


5 Special curves 


Read O'Neill, Chapter V, Section 5, pages 223-229. 


Errata 
1 O'Neill, page 224, the tenth line should read: 


“...(unit) principal vectors belonging to... .” 
2 O'Neill, page 228, the second line should read: 
©, S(O) SS Oye FP E 
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There is a sense in which two of the three types of curve studied here have definitions 
that follow naturally from what has gone before. 


We have singled out the principal directions at a point on a surface as being the 
directions where the normal curvature is extreme. It is not unreasonable, therefore, 
to consider curves that always point in a principal direction at each point on their 
routes. 


Equally, directions in which the normal curvature is zero are of some interest since 
they can occur on surfaces which are most definitely curved in the intuitive sense. 


The third type of curve—geodesics—arise from a different consideration: the search 
for the quickest way to get from one point to another of a surface staying on the 
surface. 


Think about travelling around at constant speed on a surface. Because of the 
curvature of the surface some acceleration normal to the surface is more or less 
inevitable. However, intuitively, any acceleration tangent to the surface represents 
avoidable cornering. Thus, the quickest way to travel from one point to another is 
by a route whose acceleration is always normal to the surface. 


The discussion above is intended as a brief motivation for the three definitions: 5.1, 
5.5 and 5.7. 


Together with the definitions, O’Neill proves results designed to give usable tests 
to see if a given curve is principal, asymptotic or a geodesic. In practice some of 
the tests are more usable than others. 


Lemma 5.2 As a practical test, U’ being collinear with a’ suffers from the need 
to calculate U’. As we have seen for the saddle surface, this can be sufficiently 
involved to be error-inducing. 


Asymptotic curves The final test in the paragraph following Definition 5.5 is 
more usable than that contained in Lemma 5.2 because it involves the second 
derivative of the curve rather than U’. 


Geodesics The paragraph following the definition can be made to yield a specific 
test if we use the fact that the partial velocities of a patch (or parametrization) 
provide a basis for the tangent plane at each point. Therefore œ is a geodesic if, 
and only if, 

al! -Xu = a! x, =0, 
for all points on the route of a. This result is essentially stating that a vector is 
perpendicular to a plane precisely when it is orthogonal to a basis for the plane. 


The tests are summarized on page 229, just before the exercises. Where there is 
more than one test, you only need show that one is satisfied, the tests in any one 
row of the table are equivalent. 


General The search for special curves in a surface usually involves the solution 
of differential equations. To see why, consider a surface M parametrized by x. 
Suppose that 


a = x(aj, a2) 

is acurve in M. 

The chain rule enables a’ and a” to be expressed in terms of 
Xu, Xv; Xuu; Xuv, Xuv 


and the derivatives of a; and a. Thus all the tests discussed in the section can be 
written in terms of differential equations satisfied by the coordinate functions a; 
and a2. 


Principal and asymptotic 
curves. 
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Example As a simple example, let us apply some of these ideas to the information 
that we have already assembled about the saddle surface M parametrized by 


x(u, v) = (u, v, uv). 


We consider a curve a = x(œ1,œ2) in M and, rather than use the chain rule, we 
use the partial velocities and unit normal vector field already derived. 


On the curve 

(—a2, —a1, 1) 
Xu(a) = (1,0, a2), 
Xs(a) = (0,1, a1), 


I id + J d 
a! = (a4, a, 04,02 + a0), 


U(a) = 


a" = (at, a3, aiaz + 2a, ay + 010%). 

We consider the case where a is asymptotic. Using the test 
U- =0, 

we obtain, after some algebra, 
2a a% = 0. 


The regularity of œ prevents both the derivatives being zero together. Hence the 
solutions are 


a, = constant or a2 = constant. 


The asymptotic curves in M are, therefore, described by the condition that exactly 
one of the parameters must be held constant; that is, they are the parameter curves. 


This result does correspond to the results obtained previously. We have shown that 
l=U-Xu=0 and n=U-x,, =0. 

But Xuu and xy, are the accelerations of the parameter curves so 
l=n=0 

says precisely that the parameter curves are asymptotic. u 


This example does illustrate the point about the appearance of differential equa- 
tions. They are not usually as easy to solve! 


Exercise 5.1 O’Neill, page 229, Exercise 1. 
Exercise 5.2 O’Neill, page 230, Exercise 2. (Hint: You may wish to use the 
parametrization 

x(u,v) = ((R + r cos u) cos v, (R + r cosu)sinv,rsinu), R>r>0 
for the torus. You may also wish to use the Monge patch for the saddle surface.) 
Exercise 5.3 Let M C E? be a surface and let a be a unit-speed asymptotic curve 


in M with positive curvature x. Using the usual notation for the Frenet apparatus 
of œ show that: 


(a) B is normal to the surface along a; 
(b) S(T) = rN. 
[Solutions on page 27] 
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6 Surfaces of revolution 


Read O'Neill, Chapter V, Section 6, pages 235-242. 


Erratum ONeill, page 241, five lines from the bottom, for the expressions given 
for k, and ky, read: 
h’ -1 
kı = — d kr = —. B 
# t an T eh 
This section introduces no new ideas but provides some further examples of the use 
of the techniques discussed so far. 


In a sense some of the work is ‘general’ in that it discusses the class of all surfaces 
of revolution. It is, however, at a lower level of generality than much of the theory. 


On the whole O’Neill adopts the pragmatic approach to defining tangent vector 
fields and unit normal vector fields in terms of the partial velocities. 


Whilst it is useful to have formulas for the various curvatures of a general surface of 
revolution, in practice it is often simpler to deal with each case using the standard 
computational methods of Section 4. 


One factor that appears in most of the formulas is the square of the speed of the 
profile curve: 


Bag? +h”. 


If it is possible to arrange a unit-speed parametrization of the profile curve, then 
these formulas are simplified considerably. 


Orthogonal parametrizations There is a more general point that arises from the 
discussion of surfaces of revolution. 


A number of simplifications in the calculations arise because the partial velocities 
are orthogonal, that is, 


Pmxy oxy 0: 

The most obvious simplification is in the term 
EG-F 

which appears in the formulas for both K and H. 


A slightly less obvious one is that the partial velocities can be used to construct a 
frame field on the surface by using: 


Xi Mu 
By =——— = 
lxull VE 
ey Xy 
lell ve 
U = E x Ez. 


The benefit from this is that, should you want the matrix of the shape operator 
with respect to this basis, the coefficients can be obtained by applying orthonormal 
expansion to S(E1) and S(E2). 


Note: It is true that the meridians and parallels of a surface of revolution are 
always principal, this is not true for general orthogonal parametrizations. 


3 


We have discussed the abuse 
of notation embodied in this 
approach at several points in 


the course. 


O’Neill, top of page 235. 
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Exercise 6.1 Let M be the surface of revolution obtained by rotating the ‘half 
ellipse’ 
= =1, y>0, a>b>0 
about the z-axis. 
(a) Use the parametrization of the profile curve 
a(u) =(acosu,bsinu), 0O<u<a 


to calculate the Gaussian curvature function on M. 


(b) As defined, M is not a closed surface since the points (+a,0,0) are missing. 
The parametrization may safely be extended to include these points for reasons 
that O’Neill discussed in an exercise in Chapter IV. 


If we do this extension, what are the maximum and minimum values of the 


Gaussian curvature and where do these extreme values occur? 


Exercise 6.2 Complete the investigation of surfaces of revolution with constant 
Gaussian curvature by considering the case K = 0. The methods used in Exam- 
ples 6.5 and 6.6 of O’Neill can be adapted to this case. 


[Solutions on page 28] 


7 Summary 


Read O'neill, Chapter V, Section 7, page 244. 


We have made the basic definitions for measuring the shape of a surface and devel- 
oped methods of computing the various functions. 


The partial velocities have played a central role in this work. We have made very 
heavy use of the principle that all forms of directional derivative with respect to the 
partial velocities reduce to partial differentiation with respect to the parameters u 
and v. 


The functions 


E,F,/G,l,m,n 
have enabled us to prove the concise formulas 
ln — m? Gl+ En —2Fm 
K= d H= <-s n 
= pa-p M 2(EG — F?) 


for the Gaussian and mean curvature functions. 
The principal curvatures can be calculated as the solutions of the quadratic equation 
k? -2Hk +K =0 


to give 


kijko=HtVH?-K. 


We have also discussed the link between the shape operator as a linear transfor- 
mation on each tangent plane and the various curvature functions, and that the 
determinant, eigenvectors and eigenvalues of the shape operators all have geometric 
significance. 


Solutions to the exercises 


Solution 1.1 Next we calculate the values of S(x.), etc. 
(a) We calculate the partial derivatives and then use S(xu) = —Vx, U 
their cross product to define U. To save space, we _ _ 0U(x(u, v)) 
suppress the parameters u and v. —— ðu 
EE ean” ð r n 
Xu = (—r sin u, r cos u, 0), = — Fy (cos wcos v, cos usin v, sin u) 
X» = (0,0,1), e Haa 
. = —(— sin u cos v, — sin u sin v, cos u) 
Xu X Xv = (r cos u, r sin u, 0). 1 
[xu x xa l|? = 7? (cos? u + sin? u) = —7Xu(u, v) + 0x» (u,v). 
=r’. Similarly, 
U(x(u,v)) = (cosu, sin u, 0). S(xv) = —Vx,U 
There is only one other possible choice for U, the as _ 9U (x(u, v)) 
negative of the one given. However, as defined above, U ðv 


i i a x ‘ 
does point outward from the surface as required. = — 5, (cos wos v, cos usin v, sin u) 
v 


(b) Applying the result in the commentary, we have =—(— cosu inv; cos sos v, 0) 


S(Xu) = —Vx, U 1 
OU (x(u, v)) = 0xu(u, v) — 7 Xv (u,v). 
= ðu It follows that the matrix representing S with respect to 
= -2 (cos u,sin u,0) the — velocities is 
= —(— sin u, cos u, 0) p 0 
= (sin u, — cos u, 0). 0 es 
fa. T 
Similarly Now suppose that the tangent vector v to E is given by 
S(x) = —Vx,U 
as V = aXu + bX. 
OU (x(u, v)) ‘ < 
S Then, by linearity, 
ð ( in u,0) S(v) = S(axu + bx») 
= — (cos u,sinu, 
dv l = aS(Xu) + bS (xv) 
= (0,0,0). 
(0,0,0). =a(-*)x.+8(-1)x. 
(c) From the calculations above, we have T r 
al 
S(Xu) = - xu + 0xv, = -7 (axu + bxv) 
S(xXv) = 0Xu + 0xv. =-%. 


It follows that the matrix is 


ne 6 
r : Solution 2.1 
0 0 


(a) From Exercise 1 of Section 1 we have that the matrix 


In this case there is no harm done if you do transpose the representing S with respect to the partial velocities is 


matrix! 
1 
=a 
E . 
0 0 
The eigenvalue equation is 
Solution 1.2 


k 
+-=0, 
z : . . a 
We follow the same steps as above, beginning with the withedlvtions 
partial velocities. 


$ 
e r á kı =—- and k:=0. 
Xu = r(— sin u cos v, — sin usin v, cos u), r 


Xe = r(— cos u sin v, cos u cos v, 0), These are the principal curvatures. 
Xu X Xv = T° (— cos? u cos v, — cos? usin v, — sin u cos u) It is clear from the matrix that 
= —r° cos u(cos u cos v, cos u sin v, sin u). S(xu)=kıxu and S(x.) = k2Xxv. 
Note that the norm of the cross product is Thus the partial velocities are eigenvectors of S and so 
2) | they define the principal directions at each point. 
r*| cos u| 
(b) Since 


since the vector part abovelis of unit length. 


1 
By comparing this cross product with the E #0, 


parametrization, we see that there can be no umbilic points on M. 
U(x(u, v)) = (cos u cos v, cos usin v, sin u) 


defines an outward unit normal vector field on ©. 
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(c) Suppose that u is a unit vector in the required 
direction. Since 
Xu+ Xv = (—rcosu,rsin u, 1) 


and 


[xu + xoll = V1 +r?, 


we have 


2 
1 
k(u) = ( —=—— )  S(xu + xv) - (xu + xv 
(u) (=) (xu + x0) + (xu +20) 
= ga (S(x) + S(xu)) - (xu +0) 
(linearity of S) 
1 1 
ric liek 
~ r(1+r) 
x (—r sin u, r cos u, 0) + (—r sin u, r cos u, 1) 
1 2 
~ “aye ) 
r 
14r2° 


Solution 2.2 

Note that ¢ = 0 corresponds to the point 
x(0, 0) 

of the cylinder. 


We can use the unit normal already found above to 
deduce that the unit normal to the cylinder at t = 0 is 


U(x(0,0)) = (1,0,0). 


The acceleration of the curves can be calculated directly. 


The velocity and acceleration are 

a'(t) = (=r sin t, r cos t, tnt”), 

a” (t) = (—r cost, —r sin t, n(n — 1)t”~?). 
Note that, for all such curves, 

a’(0) = (0,r,0), 
so the assertion about their velocities is correct. 
We have 

a” (0) = (—r, 0, 0) 


if n > 2 and 
a” (0) = (—r, 0, +2) 
ifn = 2. 


In either case 
a” (0) U(x(0,0)) = =r. 


This completes the proof of the assertion. 


Solution 3.1 

We use the notation of the section of O'Neill. 

At an umbilic point, we have kı = ko. But then 
K=kk =k? >0. 

Hence, if I’ < 0 everywhere on the surface, there can be 

no umbilic points on the surface. 


If K <0 on the surface and we know that K > 0 at an 
umbilic point, at such a point we must have K = 0. But 
then 


ky = kp =0. 


Thus any such umbilic point is planar. 
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Solution 3.2 
The matrix obtained in Section 2 was 
—uv 1l+u? 
(++? (14u? F 023 


1l+v? uv 


OF C42 +o 
This has determinant 
uy? — (1+ v?)(1 + u?) 
1 +u? + v2)? 
-Uta +?) 
—~ (1 +u? ++ es 
= 1 
“ese 
and half the trace is 
—uv 
H= ays 
A planar point is one where kı = k2 = 0 and hence 
K = 0. However, we have seen that 


a S 
(1+ u? + v?)2 $ 


so there can be no planar points. 


Solution 3.3 


(a) Let u and v be two orthogonal unit tangent vectors 
at p. In the notation of Corollary 2.6, these correspond 
to angles of, say, Y and V + r/2. Now 


cos(¥ + 1/2) = cos 9 cos(x /2) — sin v sin(r/2) 
= —sin 9, 
sin(V + 2/2) = sin V cos(/2) + cos 8 sin(x/2) 
= cos v. 
Hence 
k(u) = kı cos? 9 + kz sin? 9, 
k(v) = kı sin? 9 + kz cos? 9. 
If we add and use cos? 9 + sin? 9 = 1, we obtain 
k(u) + k(v) = 2kı + 2k2 
= 2H (p). 
The result follows. 


Note that the above can also be used to justify the 
passing remark in the question: 


k(u)k(v) = (k? + k3) cos? Y sin? 9 
+ kiko(cos* V + sin* 9) # K. 
(b) We use 
cos 29 = 2cos? 9 — 1 = 1 — 2sin? 9. 
We have 


2r 2m 
i k(0) dd = f (kı cos? 0 + kz sin? 9) dd 
o 0 


2m ah k 
= fi (F (cos 29 +1)+ 2a — cos 28)) dd 
ly 2 2 


2r Qn 
-14 / dd + "ze / cos 20 dd 
o o 


2 2 
— ki+k kı — kz [is ie 
= 2 a ao g sin 28 > 
= 2rH (p). 


Thus 
1 /* 
al k(9)dd = H(p). 


Solution 4.1 


This question requires the careful application of the 
various definitions and formulas. Firstly, 


Xu = (1,0, fu), 
Xv = (0,1, fo). 
Thus 
E=1+ fi, 
F= fufe, 
G=1+ f, 
as asserted. 


We can define a unit normal vector field, as usual, by 
— Ku XX 
[[Xu x | 
-defecta 
V1+ fit fo 
-Cfa =for) 
W ; 
Next, we need l, m and n. Now 
Xuu = (0,0, fuu), 
Xuv = (0,0, fuv), 
Xuv = (0,0, fuv). 
Hence 


as required. 
The Gaussian and mean curvatures are calculated as 
follows. 
„_ n-m 
K= tG-FF 
(fun fov — fes) /W? 
(1+ fa) + £3) — F292 
ag fuufvv ae fia 
W2(1 + fi + fè) 
_ fuufow — fès 
= ae 
_ Gl+ En-2Fm 
= 2(BG — F2) 
— (A+ fe) fuu + (14 f2) few — 2fufefuv)/W 
2W? 
_ (1+ fe) fuu + (1+ fÈ) fou — 2fu fo fuv 
2ws g 


2 


Solution 4.2 


(a) From the previous solution, the surface is flat if, and 


only if, K = 0. This means that the requirement is 
fuufoo— far =0. 


(b) The result follows directly by requiring the 
numerator of the expression for H to be zero. 


Solution 4.3 


You may have worked from first principles or used the 
results of the first exercise. We do the latter. 


Here 
f(u, v) = log cos v — log cos u 
sinu 
Faluv) = cosu 
= tan ų; 
TEE sin v 
cos v 
= — tan v; 
W =(14 f+ f) 
=1+ tan? u+ tan” v. 


Hence 
fuu(u, v) = sec? u, 
fuv(u,v) = 0, 
fev{u,v) = — sec? v. 
Substituting in the formulas 
2 
K = bede fi 
— sec? usec? v 
ws 
iis (1+ Lt) fur +(1+ fa) fov — 2 fufofuv 
2ws 
_ (1+tan? v) sec? u — (1+ tan? u) sec? v 
2ws 
sec? v sec? u — sec? usec? v 
2ws 


=0. 


Hence M is minimal and K is as stated. 


Solution 5.1 


Being an ‘if and only if? proof, this solution is in two 
parts. 


First, assume that æ is a straight line in E°. Then 
a” =0. 
Since a” -U = 0, the acceleration of a is (trivially) 
normal to the surface M and so a is a geodesic. 
Also 
a” =0 XXu +0 Xx xy 


for any patch of M and so the acceleration is also tangent 


to M. Thus a is also asymptotic. 


Conversely, suppose that œ is geodesic and asymptotic. 


Then a” is simultaneously tangent to and normal to M. 


Hence 
al = 0 


and a is a straight line in Eĉ. 
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Solution 5.2 


An algebraic approach uses the information assembled, in 
O’Neill’s examples about the torus: 


Xu = (—r sin u cos v, —r sin usin v, r cos u), 
Xv = (—(R + r cos u) sin v, (R + r cos u) cos v, 0), 
U = (cos u cos v, cos usin v,sin u) (outward normal). 


(a) This curve is the parameter curve defined by 
u = 1/2. That is 


a(t) = x(x/2, t) 
= (Roost, Rsint,r). 


Thus, on the curve, we have that the velocity is 
Xv(/2,t) and so 


a’(t) = (—Rsin t, Rcost,0), 
U(a(t)) = (0,0, 1). 


Hence 
a(t) = (—Rcost, —Rsint, 0), 
U' = (0,0,0). 
Using the various tests, we have 
U' = 0a", 
U-a" =0, 


U is orthogonal to a”. 
Thus a is principal, from the first test, and the principal 
curvature is zero along the curve. 


From the second test we deduce that œ is asymptotic. 
(This fits with the result that it is principal with 
principal curvature zero.) 

Finally, the last observation shows that œ is not geodesic. 
Note: Geometrically, these results accord with 
intuition. The unit normal on the curve points upwards 
from the plane of the curve (which is a circle). The 
acceleration points towards the centre of the circle and is, 
therefore, tangent to the surface. Finally, the unit normal 
is parallel on the curve and so the normal curvature is 
zero along it. (This last sentence meaning that the 
normal curvature in the direction of the tangent to the 
curve is zero.) 


(b) This curve is the parameter curve u = 0. Thus, as 
above, we have 


A(t) = x(0,), 
B'(t) = (-(R + r)sin t, (R + r) cos t,r), 
U(A(t)) = (cos t, sin t, 0). 
Hence 
B'(t) = (-(R + r) cost, -(R+ r)sin t, 0), 
U' = (— sin t, cos t, 0). 


Using the various tests, we have 


ra i 
U = RE 
Up" =-(R+r) #0, 
a ae 
RFJ 


Hence £ is principal, with principal curvature 
Buu _ ~(R+r) 
Bp (R+ryP 
Na 1 
~ RF) 
The curve is not asymptotic, but is geodesic. 
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(c) We may apply the same sort of techniques as above 
and in the example in the text. Since 


x(u, v) = (u,v, uv), 
the z-axis can be described as the parameter curve v = 0, 
giving 


a(t) = (t,0,0). 
Since 
a'(t) = (1,0,0), 


a” (t) = (0,0,0), 
we can see that the acceleration is (trivially) both 
tangent to and normal to the surface. 


Along a, we have 


ip. Co) 
Vit?’ 
and so 


i (0,-1, —t) 
= (1+ 12)3/2° 
Since U'- a’ = 0, U' and a’ are orthogonal and so the 
curve is asymptotic. Also, since U' and a’ are not 
collinear, so æ is not principal. Since the acceleration is 
(trivially) a multiple of the unit normal, the curve is 
geodesic. 


Solution 5.3 


We assemble a few preliminary facts. From the Frenet 
formulas, we have that a’ = T and so 


a” =T' =KN. 
(a) Since a is asymptotic, we know that its acceleration 


is tangent to M. Hence, from the remarks above, N is 
tangent to M. 


But, since a is a curve in M, its velocity T is also tangent 
to M. Hence 


B=TxN 
is normal to M. 


(b) Applying the result that, along a curve, the shape 
operator is given by —U’, we have 


S(T) = —B' = -(-rN) =N, 
by using the Frenet formula for B’. 


Solution 6.1 


We can apply the general discussion of surfaces of 
revolution in O’Neill to this case. 


If we set 

g(u) = acosu, 

A(u) = bsin u, 
then we obtain the parametrization 

x(u, v) = (acos u, bsin ucosv,bsinusinv) 0<u< r 
of M. 


(a) We have 

, r 

g (u) = —asin u, 
u 

g (u) = —a cosu, 

h'(u) = bcos u, 

h" (u) = —bsin u, 

aa + h? = a? sin? u + b?’ cos’ u, 


gh” —g"h' = ab(sin? u +cos? u) 


= ab. 
Hence 
—g'(g'h" — g"h') 
= 12 12)2 
h(g? +h’*) 
a*bsin u 


bsin u(a? sin? u + b? cos? u)? 
= E 
(a? sin? u + b? cos? u)? ` 
(b) From the formula for K above, we can see that K is 
a maximum when the denominator is a minimum and 
vice versa. It is slightly easier to find the extreme values 


of the denominator if we express it in terms of cos u only. 


Since 
a? cos? u + b? sin? u = a? cos? u + b7(1 — cos? u) 
= b + (a? — B*) cos’ u, 
the maximum value of the denominator occurs when 
u = 0 or u = 7 and the minimum when u = 7/2. 


Thus the maximum Gaussian curvature is 
2 
K(x(0, v)) = K (x(x, v)) = = 
and occurs for all points with u = 0, i.e. at (+a, 0, 0). 


The minimum Gaussian curvature is 
2 
v a 1 
K(x(x/2, v)) = A 
and occurs for all points on the meridian u = 7/2. 


Solution 6.2 


If we assume that the surface has been parametrized in 
such a way that the profile curve is unit speed, that is 
using the ‘canonical parametrization, we have 


h" 
ks . 
h 
We must, therefore, solve K = 0, that is 
A 


subject to the conditions h > 0 and ||k']| < 1. 
The general solution of h” = 0 is 
h(t) =at +b, 
where a and b are constants. 
Since h'(t) = a, the condition ||h']| < 1 requires 
lall < 1. 
Next, we apply the formula from page 239 to obtain g. 


se)= J * APOP à 


=f 1—a?dt 
v= 
=uy1- a. 


Thus, the profile curve is 
a(t) = (uy 1 — a?,au + b). 


We can reparametrize this by replacing u by 
u 


to get a profile curve of the form 
(u, cu + d), 
where c and d are constants. 


Thus the profile curves are straight lines and the surfaces 
are parts of cones (if the slope c is not zero) or parts of 
cylinders (if c = 0). 
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Introduction 


Our study of surfaces has not made direct use of differential forms, nor of the 
connection and structural equations which we took so much trouble to develop 
earlier. We have pointed out the links with the equations from time to time, now 
we summarize these links and pursue the ‘form’ approach a little further. 


There are two main themes. Firstly, we shall show how differential forms on a 
surface can be used to calculate Gaussian curvature and, hence, how they may be 
used to define Gaussian curvature for surfaces in general. Secondly, we shall return 
to the Gauss map (from a surface to the unit sphere) and link it to area 2-forms 
and Gaussian curvature. 


The first two sections are based on reading O’Neill, Sections 1 and 2. They form 
the beginnings of O’Neill’s program of investigating surfaces from the point of view 
of inhabitants of the surface who know nothing about E°. 


Section 3 is based on Section 6 of O’Neill. This section does not depend, in any 
essential way, on the three omitted sections of O’Neill. It contains useful, practical 
methods for calculating Gaussian curvature. 


Section 4 does not have a reading passage from O’Neill. It pulls together the Gauss 
map, area 2-forms and the ‘pullback’ of the Gauss map. 


Section 5 is a brief summary. 


Study advice 

The final TMA for the course has questions on Sections 4-6 of Part V and all of 
Part VI. The following represents a possible plan for study weeks. 

Week 1 O’Neill, Chapter V, Sections 4 and 5. 

Week 2 O'Neill, Chapter V, Section 6 and Chapter VI, Section 1. 

Week 3 O’Neill, Chapter VI, Sections 2 and 3. 

Week 4 Sections 4 and 5 of this text and TMA04. 


1 The fundamental equations 


Read O'Neil, Chapter VI, Section 1, pages 245-250. 


This section draws together a number of the remarks that we have made about the 
links between the shape operator, defined in terms of a unit normal vector field, 
and the connection forms of Part II. 


Throughout this commentary, we shall assume that Æ}, Ez and E3 is an adapted 
frame field on at least part of a surface M. 


Dual 1-forms The dual 1-forms for a general frame field are completely deter- 
mined by the equations 


0;(E;) =o, 1j7=1,2,3. 
The remark on page 248, that 03 = 0, is a little peculiar, for a tangent vector may 


be attached to a surface in E without, necessarily, being tangent to the surface. 
Such a vector may well have a non-zero £3-component. 


The pullback of the mapping 
F is F*, as defined in 
Part IV, Section 5. 


However, the purpose of this section is to begin disposing of all the concepts that 
belong to the surface because it lies in E®. Tangents to the surface will be retained, 
normals, including £3 will not. Thus 63 disappears along with E53! 


Remark Once we have the dual 1-forms, all 1-forms on the surface can be ex- 
pressed as linear combinations of 6; and 62, including the connection forms. We 
shall use this fact in Section 3. 


Similarly, all 2-forms on the surface can be expressed in terms of the wedge product 
0, A b2. 


Theorem 1.7 As with many such results in O’Neill, the proof consists of writing 
out the connection and structural equations in full, extracting the particular com- 
ponents required and then substituting any special information. Here the last step 
is to use 63 = 0. 


As an example and reminder, we have 


A, 0 w2 W13 a, 
d| 0. | = | —wi. 0 wz b2 
b3 —w13 —W93 0 b3 


Matrix multiplication and substitution of 
03 = d03 = 0 


give precisely the first three results of the theorem. 


Exercise 1.1 Suppose that E1, Ez and E3 form an adapted frame field on the 
surface M C E°. Suppose also that œ is a curve in M such that the velocity of œ 
is the restriction of Æ, to a. That is, 


Ey(a(t)) = a' (t). 
(a) Explain why, with the usual notation, Vg, V = V’, for any vector field V on a. 


(b) Show that æ is a geodesic if, and only if, w12(£1) = 0. (Hint: Apply the defini- 
tion of geodesic and the result of part (a).) 


Exercise 1.2 This question uses the same notation as the previous exercise. Show 
that the normal curvature along @ is wı3(£1). 


Exercise 1.3 Let T be the torus parametrized by 


x(u, v) = ((R + r cos u) cos v, (R + r cos u)sin v, rsinu), R>r>0. 


This question indulges in the usual abuse of notation in regarding u and v as being 
defined on T rather than on the domain of x. 


(a) Show that the partial velocities can be used to define orthogonal unit tangent 
vector fields Fy, Eg as follows: 


_ Xu _ Xv 
© Tl P Tell 

Define the third member Ez of an adapted frame field on T. 
(b) Calculate 


du(Eı), du(H2), dv(E,) and dv(E2). 


Ei 


Hence show that the dual 1-forms are given by 
bı =rdu, z= (R+ r cosu)dv. 
(c) By direct calculation show that 
d6,=0, db, = —r sin u du dv 
and deduce that 
sinu 


ba = ——————— 9; A. 
dy R+rcosu 1A^02 


(d) Since w12 is a 1-form on T, it is a linear combination 
w12 = ab; + bha 
of the dual 1-forms. By substituting into the first structural equations 
(Lemma 1.7(1)), show that 
= sin u 
Sim R+rcosu ” 
(e) Show that 
cosu 


— 0 Ab. 
r(R+rcosu) ©? 


dwi? = — 


(Hint: When differentiating the expression for w12 you will need the Leibniz 
property and the value of dô, already found.) 


[Solutions on page 12] 


2 Form computations 


Read O'neill, Chapter VI, Section 2, pages 251-255. 


Erratum ONeill, page 252, the calculation of S(E,), S(E2) and the two lines 
following should read: 
S(E1) = -Ve, Fi 
—(ws1(F1) E1 + w32(£1) E2) 
= wı3(E1) E1 +w23(E1) E2 (alternation) 


S(E2) = — Vg, Fy 
—(ws1(E2) Ey + w32(E2) E2) 
= wi3(E2) E1 +w23(E2) E2 (alternation). 
Thus the matrix of S with respect to {£1, E2} is 
per = a 
w23(E1) w23(E2) jJ ` 


This section gathers together a number of the ideas on which we have already 
remarked in the commentaries to earlier chapters of O’Neill. 


li 


In Part V, Section 3 we obtained the matrix on page 252 and remarked that 
K = (wig Aw3)(E1, E2) = —dw12( E1, E2). 
The observations in Lemma 2.1 immediately give Corollary 2.3. 


It is important to realize that the significance of Corollary 2.3 is not so much that it 
is yet another formula for calculating Gaussian curvature but that it contains only 
forms that belong to the geometry of the surface. None of the items in the formula 


dwi2 = —K0, A b2 
are dependent on the surface being in E°. It follows that, if we want to generalize 


our work to abstract surfaces, Corollary 2.3 can become the definition of Gaussian 
curvature. 


D 


This is not an unfamiliar process. We have already used a lemma: 
a'[f] = (F(a), 


about directional derivatives of functions with respect to the velocity of a curve 
in E, to formulate the definition of directional derivative for functions defined on 
surfaces. 


These exercises continue the investigation of the torus begun in the second exercise 
of the last section. You should use the results obtained there. 


Exercise 2.1 Write down the Gaussian curvature of the torus T. 


Exercise 2.2 Is the frame field (in Exercise 2.1) principal? 


[Solutions on page 13] 


3 Orthogonal coordinates 


Read O'neil, Chapter VI, Section 6, pages 276-279. 


This section generalizes the work you have done (in various exercises) on the torus. 


The feature that was responsible for simplifying many of the calculations on the 
torus was the orthogonality of x, and x,. The fact that the parameter curves were 
principal was merely a bonus. 


If you inspect the calculations in this section carefully and compare them with the 
solutions to the torus exercises, you should see the analogies. 


Note how, at the top of page 277, O’Neill finally agrees that the abuse of notation 
that we have been committing is reasonable. 


Finding wı2 If you cannot see how O’Neill did the ‘comparison with the first 
structural equations’ on page 277, we suggest the following systematic approach. 


Since w 19 is a 1-form, it can be written 
wig = a du + b dv, 


for some functions a and b on M. 


Thus 
-h du A b2 = dhi 
=w A b2 
= (adu + b dv) A VGdv 
= avVG du dv 
= adu A b2. 


It follows that 
(VE)u 
VG 


The value of b is obtained from 


dł = —w12 A A, 
in exactly the same way. 


Lemma 6.3 We think that O’Neill gives very sound advice. It is the derivation 
of this lemma that is important. For any particular example it is better to work 
directly from the structural equations than to memorize the result of Lemma 6.3. 


When following this advice there is a choice to be made: whether to work in terms 
of du and dv or the dual 1-forms 6; and 65. 


The calculation of the exterior derivatives is slightly easier in terms of du and dv 
because of the simple formulas 


df = fu du + fy dv 
d(df) = 0. 
It is theoretically more ‘elegant’ to work in terms of the dual 1-forms. 
The main difference comes when calculating dw;2. Suppose that 
w12 = a du + b dv = fı + 962. 
Then 
dw12 = (da du + a d(du)) + (db dv + b d(dv)) 
= (a, du + a, dv)du + (by du + b, dv)dv 
a, dv du + by du dv 
= (bu — a,)dudv, 
Using the other expansion gives 
dwi = (df AO, + f d1) + (dg A 02 + g d02) 
= df Abı + dg A82 + f dd, + g db 
= df NO, + dg A 02+ fw. A b2 — gwiz Abi 
= df \ 0, + dg A b2 + wiz A(fO2 — 961) 
= df NO; + dg A 02 + (01 + 982) A (f02 — 901) 
= df A 0; + dg A 02 + (f? — g7)01 A Oo. 
There is a return for taking the extra trouble to work in terms of the dual 
1-forms. Since df and dg are 1-forms, they can be expressed in terms of 0; and 62. 


Thus all terms in the expression for dw automatically appear in terms of 6; A 62 
which enables you to read off the Gaussian curvature from 


Il 


dwi = —K0, A b2. 


We continue the investigation of the torus with the usual parametrization. 


Exercise 3.1 Calculate Æ, F and G for the standard parametrization of the torus 
and hence calculate K from the formula in Lemma 6.3. 


Exercise 3.2 This exercise is an alternative approach to Exercise 3.1. 


(a) Using the formulas on page 277, write down expressions for the dual 1-forms 
in terms of du and dv. 


(b) Calculate d0, and dO in terms of du dv. 


(c) Assume that wy) = a du + b dv. and use the first structural equation to find a 
and b. 


(d) Calculate dw;2 in terms of du dv. 
(e) Use the second structural equation to calculate the Gaussian curvature K. 


[Solutions on page 13] 


4 The Gauss map 


There is no reading from O’Neill for this section. We now take up the second theme 
of this part: the link between the Gauss map, area 2-forms and Gaussian curvature 
in the rather special case of a compact orientable surface. 


We assume the following situation. We have a surface M parametrized by a single 
mapping x(u,v) and the unit sphere X. We shall define a parametrization of the 
sphere shortly. 


We assume that M has a unit normal vector field U obtained from 


ae Ky 
U(x(u,v)) = lexa 


The Gauss map F from M to ¥ is defined by 
F(x(u, v)) = U(x(u, v)), 


where we interpret U(x(u,v)) as giving the coordinates of a point on the unit 
sphere. Since U(x(u,v)) is unit length, its coordinate functions do define a point 
on the unit sphere. 


Now we define a parametrization of the sphere by 
y(u, v) = U (x(u, v)) = F(x(u, v)). 


The sphere © also has a unit normal vector field V. Because it is a unit sphere, we 
can see that V has the same coordinate functions as y: 


V (y(u, v)) = y(u, v) = U (x(u, v)) = F (x(u, v)). 


If we ignore points of application, U = V; more precisely, U and V are parallel for 
all values of u and v. 


The Gauss map has a number of interesting properties. We consider two of them. 
Firstly, because, by definition 


y(u, v) = F(x(u,v)), 
we have 


Yu(u,v) = Fx(xu (u, v)), 
Yolu, v) = Fy (xu (u, v)). 


Secondly, if we ignore points of application in a thoroughly cavalier fashion, 
Fa (xulu, v) = ČF ælu) 


ô 
= Žu) 
= Uu(x(u, v)) 
= —S(x,y(u, v)). 
More precisely, we could say that Fy(xu(u,v)) and —S(xu(u,v)) are parallel for 


all u and v. Thus y,,(u,v) is parallel to —S(x,(u, v)) and similarly for the other 
partial velocity. 


Next we define area 2-forms on both surfaces. We need only define their effect on 
the partial velocities as the partial velocities form a basis for the tangent plane at 
each point. 


On M we define the 2-form 7 by 
(Xu, Xv) = Xu x Xy e U 
and on E we define ¢ by 


YuYu) = Yu X Yo V. 


Chapter VII of O’Neill does 
deal with more general 
considerations. 


Here the special case of the 
effect of derived maps on 
page 161 of O'Neill is 
applicable. 


7 pronounced ‘eta’. 


¢ pronounced ‘zeta’. 


We now have two 2-forms on M, the area 2-form ņ defined above and the pullback 
of Ç from E to M via the Gauss map F. This second 2-form is defined by 


(F°O)(Xus Xv) = (Fs (xu), Fe(Xv))- 
We now explore the relation between F*¢ and 7. 


We can calculate the effect of 7 and ¢ on the appropriate partial velocities quite 
easily. 


Nba Ke) HS Ke Kiyo UF 
= ||xu x x,||U-U (definition of U) 
=le x seal: 
Suppose that 
S(Xu) = axy + bx», 
S(xy) = cxy + dxy, 
for suitable functions a,b, c,d. 
Then 
C(Yur Yo) =Yu $ yu V 
= (—S(xu)) x (-S(xy)) -U 
= (ax, + bx,) x (CXu + dxy) -U 
= (ad — be)xy x xy -U 


= (ad — be)||xy x xo ||- 


But ad — bc is just the determinant of the shape operator S, that is the Gaussian 
curvature. Hence 


C¥ur Yo) = Kn(xu, xo). 
Now consider the pullback F'*¢. 
F* (xu, Xv) = C(Fa(Xu), Fa(Xv)) 
= (Yur Yo) 
= Kn(Xu, Xy). 


We have shown that F*¢ and Kn agree on the linearly independent pair (xu, Xv) 
at each point so they are equal as 2-forms. That is 


F*¢ = Kn. 
This provides yet another approach to finding Gaussian curvature. However, it is 
only in some simple cases that such an approach is less trouble than previous ones. 


Perhaps it is of more interest because it generalizes the observation made earlier 
about what happens to areas under mappings. In the simple case of a matrix 
mapping from the plane to itself, it is the determinant of the matrix that controls 
how areas are mapped. In the mapping of a surface to a sphere, it is the determinant 
of the shape operator that controls mapping of area 2-forms. 


Remark: You may have worried that there are two choices for the normal on the 
surface and also on the sphere, hence two area 2-forms on each surface. You may 
care to check that, provided we always define the Gauss map by using the chosen 
normal on M, and hence define V = U, the result is exactly the same. 


We set one, simple, application of the above. 


Exercise 4.1 Let T be the torus parametrized by 


x(u, v) = ((R + r cos u) cos v, (R + r cosu)sin v, rsinu), R>r>0 
and E be the unit sphere parametrized by 


y(u, v) = (cos u cos v, cos u sin v, sin u). 
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Part IV, Section 5. 


Let 7 and ¢ be their respective area 2-forms. 
(a) Use the partial velocities to define an outward unit normal vector field U on T. 
(b) Show that, with the above choice of U, 


F:x(u,v) — y(u, v) 
is the Gauss map of the torus to the sphere. 
(c) Calculate directly 


n(Xu(u, v), xu (u, v)) 


and 


lyu lu v), y, (u, v)). 
(d) Calculate 


F*C(xu(u, v), Xy(u, v)). 
Hence deduce the Gaussian curvature of the torus. 


[Solution on page 14 ] 


5 Summary 


This text has mainly been concerned with tying together some of the threads that 
have run through the course. We have shown how the shape operator ties in with 
the connection forms and indicated how this link might be used to define Gaussian 
curvature in more general work. 


There is more in O’Neill than is appropriate to include in a half-credit course. We 
have tried to ensure that the material included is coherent, whilst still providing 
you with a sound basis for further reading. 


Underlying all the theorems and computational techniques are the ideas from 
Chapter I, particularly the linearity and Leibniz properties of the various types 
of derivative. 


You may well have found that the amount of new notation in the early chapters 
was somewhat daunting; by now the reasons for introducing it all should be clearer. 
Differential forms, in particular, provide a notationally cleaner approach than the 
use of tensors that you may find in earlier textbooks. The difference is similar to 
using matrices, rather than always working with coordinates, in linear algebra. 


You should now be able to calculate the ‘curvature apparatus’ for curves and sur- 
faces with some confidence. Although there appear to be quite a large number of 
techniques, they are all based upon use of a small collection of principles. 
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Solutions to the exercises 


Solution 1.1 


(a) By the definition of covariant derivative on a surface 
and the hypotheses about a, we have 


Ve, V = Vw V 
= Vla) 
=h 
The last step is simply what is meant by V’. 
(b) By definition, a is a geodesic if, and only if, its 
acceleration is normal to M. We must, therefore, 
calculate a” = E}. 


Applying the above result, we have 


Ej = Vp Fi. 
Now we can apply the connection equations to get 
Ei = Ve, E 


= wy2( E1) E2 + wis(F1) E3. 


Since E is normal to M, a is geodesic precisely when the 
E, term in the acceleration is zero, that is, when 


w12(£)) = 0. 


Solution 1.2 
The required normal curvature is 

S(E1) + E1 = —Ve, Es - Ex. 
From the connection equations, 

Va, Es = wai (Fi) FE, + w32( Fi) E2 

= —wis (E1 )E — wea (E1) E2. 

Hence 

S(E1) + By = —(-(wis (E1) By — w23 (E1) E2)) - Ey 

= wis(F1), 

as required. 


Note: You could have shortened the working slightly by 
applying Corollary 1.5 directly. 


Solution 1.3 
(a) First, we calculate the partial velocities. 
Xu = (—r sin u cos v, —r sin usin v, r cos u), 
Xv = (—(R + r cos u) sin v, (R + r cos u) cos v, 0). 
We also have 
lxull = r, I[xvl| = (R + r cos u). 
Thus 
E: = (— sin u cos v, — sin usin v, cos u), 
E = (— sin v, cos v, 0) 
are certainly unit length. It is also clear that 
E E =0, 


so they are orthogonal. The third member can now be 
defined by 


E = E, x E 


= (— cos u cos v, — cos u sin v, — sin u). 
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(b) Since du and dv pick out the x, and x, components 
respectively of a vector tangent to T, we have 


Xu 
du(E,) = du (Fz) 


$ 
dolEa) = do (Fe) 
= 1 
~ R+4rcosu' 

Comparing these with 

0:(E;) = ôij, 
we can see that 

du = 16, 

r 
1 

= —— 0. 

R+rcosu °? 
The required results follow immediately. 


dv 


(c) Differentiating 


dô, = dr du 
= Odu 
=0, 
dz = d( R + r cos u) dv 
= —r sin u du dv 
Ps se Oa 02 
ST A R+rcosu 
sin u 61 Aba. 


ağ R+rcosu 
Substituting into 


dð = w2 A b2, 
we have 
0 = (a0; + b02) A 02 
= a0; Ab2 +0 
= abı A b2. 
Hence a = 0 and w 2 = b62. 


Using the second equation 


sin u 
dé. = — 0, A8: 
i R+rcosu ? 
= —b62 A bı 
= bð A 02 
Hence 
ETE sin u 
~ R+rcosu 
and 
ie ___sinu 
12 R+rcosu 


(d) Using the hint, we have 


sin u sinu 
d = + {— 
32 a( Treas) 9 ( Rrra) a0, 


cos u(R + rcos u) — sin u(—rsin u) 


(R + r cos u)? id 
sin u sin u 
t (a) (aA Nia 
— cosu 
ig -erosa Nba. 


Here we have made use of the result for d@2 and also 
6, = rdu. 


Solution 2.1 
In the previous section we found that 
cosu 
~ r(R+rcosu) 
Comparing this with 
dwi2 = —K6; A b2, 


we see that 
5 cos u 


= r(R + r cosu)’ 


dwi? = bı A b2. 


Solution 2.2 
Yes. 


You may well recall that O’Neill has proved that the 
meridians and parallels of any surface of revolution are 
principal curves. However, since the unit normal vector 
field E3 that we obtained is fairly simple, direct 
differentiation shows that E and Ez are principal as 
follows. 


S(E1) = Vr, Ba 
1 


= -ie E3 (definition of E; and linearity) 
u 
=- l E 
lixull Ou 
Í z Z J 
= “res ucos v, sin usin v, — cos u) 
u 
1 1 
= —— Ff, = -F\. 
[<ul r 


Thus Æ; is an eigenvector of the shape operator and so is 
principal. 


The calculations for S( E2) are similar. 


Solution 3.1 
We have 
Xu = (—r sin u cos v, —r sin u sin v, r cos u), 


Xy = (—(R + r cos u) sin v, (R + r cos u) cos v, 0), 


and so 
E=r°, 
VE = Tr, 
F=0, (orthogonal patch) 
G = (R+ r cos u)? 
VG= (R+ rcos u) 
1 1 


VEG 1(R+rcosu) 


Hence 
(VG). = -rsin u, 
(VE). =0, 
(VG)u 
VE 


(CBs) =~ cass, 


=-—sinu, 


VE 
(C2) =0. 
vG /, 
Substitution now gives 


cos u 
a 
r(R+rcosu) 


Solution 3.2 


(a) Using the calculations above, we have 


6, = VE du 
=rdu. 
b2 = VG dv 
= (R + r cos u)dv. 
(b) We have 
dð, = dr du 
=0, 


d62 = d(R + r cos u)dv 
= (—r sin u du + 0 dv)dv 
= —r sin u du dv. 


(c) Substituting in 


dO, = w12 A 62 
gives 
0 = (adu + bdv) A ((R + r cos u) dv) 
= a(R + r cos u) du dv. 


It follows that a = 0. 
Substituting into 
dz = —w12 A b1 


gives 
—r sin u du dv = —(a du + b dv) A (r du) 
= 0 — rbdv du 
= rbdu dv. 
Thus b = —sin u and 
wi2 = — sin u dv. 


(d) From the last answer 
dwı2 = d(— sin u) dv 
= — cos u du dv. 


(e) We substitute into the second structural equation. 


dwi2 = — cos u du dv 
= —-K6, A $2 
= —K (r du) A ((R + r cos u) dv) 
= —Kr(R +4 r cos u) du dv. 
Hence 


—Kr(R + r cosu) = — cosu 


and so 
cos u 


e r(R+rcosu) 
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Solution 4.1 


Since we shall require them, we calculate all the partial 
velocities to begin with. We suppress the parameters. 


Xu = (—r sin u cos v, —r sin usin v, r cos u), 

Xv = (—(R + r cos u)sin v, (R + r cos u) cos v, 0), 

Ya = (— sin u cos v, — sin u sin v, cos u), 

Y, = (— cos u sin v, cos u cos v, 0). 
(a) We have 

Xu X Xy = r(R + r cos u) 

x (— cos u cos v, — cos u sin v, — sin u). 

We are specifically asked for the outward normal. By 
looking at the special case u = v = 0, we obtain the 
possibilities 

+(1, 0,0) 
for the normal at the point 

(R+ 7, 0,0) 
which is on the outer ‘equator’ of the torus. Thus 


choosing the positive sign gives the outward normal 
which will be 


U = (cos u cos v, cos usin v, sin u). 

(b) Since 
U(x(u,v)) = y(u, v), 

F does define the Gauss map. 

(c) From the calculations above, we can see that 
Xu X Xy = —r(R + r cos u)U, 
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so 
(Xu, Xv) = Xu X Xv U 
=-r(R+rcosu)U -U 
=-r(R+rcosu). 
From the expressions for the partial velocities of y, and 


the fact that U and V have the same coordinate 
expressions, we have 


Vg XY = (— cos? ucos v, — cos” usin v, — cos usin u) 
= — cos u V. 
Hence 
C(Yur Yo) = Vu XV V 
=— cosu V. V 
= — cosu. 
(d) Using the definitions 
F°C(xu, Xv) = C(Fa (xu), Fe(Xv)) 
= UYY.) 
= — cos u. 


From what we have calculated so far, we can say that 


a a cos u 
F'C(xu, Xv) = iin 


It follows that 
ise, cosu 
EOF 7(R+rcosu)” 
and so 

y cos u 


Ke r(R+rcosu)` 


Note: If you do not choose the outward normal, but do 
everything else consistently, you would arrive at the same 
result. 
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